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A. Explicitly-Typed Calculus

In this section, we define our explicitly-typed A-calculus with sets of type-substitutions that we outlined in
Section 3.

Al Types

Definition A.1 (Types). Let ¥ be a countable set of type variables ranged over by Greek letters o, 5,7,. . .,
and A a finite set of basic (or constant) types ranged over by b. A type is a term co-inductively produced by
the following grammar

Types t = « type variable
|'b basic
|t xt product
|t =t arrow
[tVt  union
| —t negation
|0 empty

that satisfies two additional requirements:

® (regularity) the term must have a finite number of different sub-terms.
® (contractivity) every infinite branch must contain an infinite number of occurrences of atoms (ie, either
a type variable or the immediate application of a type constructor: basic, product, arrow).

We use 7 to denote the set of all types.

We write ¢1\t2, t1/At2, and 1 respectively as an abbreviation for t1 A—t2, =(—t1V—t2), and —0.

Since types are infinite, the accessory definitions on them will be given either by using memoization
(eg, the definition of var(), the variables occurring in a type: Definition A.2), by co-inductive techniques
(eg, the definition or the application of type-substitutions: Definition A.5), or by induction on the relation
>, but only when induction does not traverse a type constructor (eg, the definition of tlv(), the variables
occurring at top-level of a type: Definition A.3).

Definition A.2 (Type variables). Let varg and var, be two functions from T x P(T) to P (V') defined

as:
_Jo iftel
varo(t,d) = {van(t,lu{t}) otherwise
vari(o,3) = {a}
var1(b,3) = 0
vary (t1 X t2,3) = varg(t1,3) Uvarg(t2,3)
vari(t1 — t2,3) = varo(ti,3) Uvarg(tz,J)
vari(t1 V t2,3) = vari(t1,3) Uvary(t2,3)
vari(—t1,3) = vari(t1,3)
var1(0,3) = 0

The set of type variables occurring in a type t, written var(t), is defined as vary(t, D). A type t is said to be
ground or closed if and only if var(t) is empty. We write  to denote the set of all the ground types.

Definition A.3 (Top-level variables). Let t be a type. The set tlv(t) of type variables that occur at top level
in t, that is, all the variables of t that have at least one occurrence not under a constructor, is defined as:

thia) = {a}
thvb) = 0
t/V(tl X t2) =0
thty — t2) = 0
t/V(tl Vv t2) = t/V(t1) U t/V(tg)
t/V(‘\tl) = flV(tl)
thv(0) = 0

Definition A.4 (Type substitution). A type-substitution o is a total mapping of type variables to types
that is the identity everywhere but on a finite subset of V', which is called the domain of o and denoted by
dom(c). We use the notation {t1/a,, . .., n/q,, } to denote the type-substitution that maps o to t; for i =
1..n. Given a substitution o, the range of o is defined as the set of types ran(c) = {o(a) | « € dom(o)},
and the set of type variables occurring in the range is defined as tvran(o) = U, cdom(o) var(o(a)).



Definition A.5. Given a type t € 7 and a type-substitution o, the application of o to t is co-inductively
defined as follows:

bo = b
(t1 X tg)O‘ = (tla) X (tg()’)
(tl — tz)o’ = (tlU) — (tQU)
(tl V tg)O‘ = (tla) Vv (tgo’)
(mt)e = —(to)
Oc =0
ac = o(a) if « € dom(o)
ar = « if o & dom(o)

Definition A.6. Let o1 and o2 be two substitutions such that dom(o1) Ndom(o2) = 0 (o1 § o2 for short).
Their union o1 U o2 is defined as
o1(a) « € dom(oy)
(01 UO'Q)(O() = 0'2(06) aedom(ag)
« otherwise

Definition A.7. Given two sets of type-substitutions [0;]ic1 and [0;]jc., we define their composition as
[oilicr o [05]je5 = [0i 0 0j)icr jes
where
(0j(a))oi ifa € dom(o;)

o;00j(a) =1 oi(a) if a € dom(o;) \ dom(o;)
e otherwise

A.2 Expressions

Definition A.8 (Expressions). Let € be a set of constants ranged over by c and % a countable set
of expression variables ranged over by x,y,z,.... An expression e is a term inductively generated by the
following grammar:

Expressions e = ¢ constant
T expression variable
(e, e) pair
mi(e) projection(i € {1,2})
| f;le]l %% abstraction
jlied
ee application
ect?e:e type case
elojlijes instantiation

where t;, s; range over types, t € 9 is a ground type and o j ranges over type-substitutions. We write & to
denote the set of all expressions.

A \-abstraction comes with a non-empty sequence of arrow types (called its interface) and a possibly
empty set of type-substitutions (called its decorations). When the decoration is an empty set, we write
ANierti=si) ¢ e for short.

Since expressions are inductively generated, the accessory definitions on them can be given by induction.

Given a set of type variables A and a set of type-substitutions [ ;] ;< ., for simplicity, we use the notation
Aloj]jes to denote the set of type variables occurring in the applications aoj forall a € A, j € J, that is:

Alojljes = U( U var(o;(a)))

JEJ a€EA

Definition A.9. Let e be an expression. The set fv(e) of free variables of the expression e is defined by
induction as:

f(z) = {x}
f(c) = 0
fv((e1,e2)) = fv(er) U fv(ez)
i)
fV( [‘71961161' '

fv
fv
fV(€1 62) = fv
fv
fv

z.€)

fu(ect el : e2)
f(elo]jer)



The set bv(e) of bound variables of the expression e is defined by induction as:

bv(z) = 0
bv(c) = 0
bv((e1,e2)) = bv(er) U bv(e2)
bv(mi(e)) = bv(e
bV( /\Lelt —>57

lojlies )
bv(el ez) = bv(e1) U bv(e2)

bv(e€t e : e2)
bv(elojljcr) =

The set tv(e) of type variables occurring in e is defined by induction as:

|
o
<
@
N

tv(z) = 0
tv(c) = 0
tv((e1,e2)) = tv(er) U tv(e2)
N 75t“v(ﬂ'l(e)) = tv(e)
tv()\[(;eje‘]_}% ) = tv(e[aj]je,z) U var(/\iel,jejtiaj — Si(fj)
tv(ei e2) = tv(er) U tv(e2)
tv(e€t?er t e2) = tv(e) Utv(er) U tv(es)

I
—~

tv(e [Uy]yeJ) = (tv(e))]oylses

An expression e is closed if fv(e) is empty.

Note that the set of type variables in e[o;] ¢ is the set returned by the “application” of [0;];e to the
set tv(e).

Next, we define expression substitutions. Recall that, as stated in Section 3.1, when substituting an
expression e for a variable y in an expression e’, we suppose the polymorphic type variables of e’ to be
distinct from the monomorphic and polymorphic type variables of e to avoid unwanted captures. In the
discussion in Section 3.1, the definitions of the notions of polymorphic and monomorphic variables remain
informal. To make them more formal, we would have to distinguish between the two by carrying around a set
of type variables A which would contain the monomorphic variables that cannot be c-converted. Then all
definitions (such as expression substitutions, for example) would have to be parameterized with A, making
the definitions and technical developments difficult to read just because of a-conversion. Therefore, for the
sake of readability, we decided to keep the distinction between polymorphic and monomorphic variables
informal.

Definition A.10 (Expression substitution). An expression substitution g is a total mapping of expression
variables to expressions that is the identity everywhere but on a finite subset of %, which is called the
domain of ¢ and denoted by dom(p). We use the notation {€1/y,,...,en/y,} to denote the expression
substitution that maps x; into e; fori = 1..n.

The definitions of free variables, bound variables, and type variables are extended to expression
substitutions as follows.

Mo = | fe@), b= |J bvle@), )= [J tvlo)
zE€dom(g) z€dom(p) zEdom(p)

Next, we define the application of an expression substitution o to an expression e. To avoid unwanted
captures, we remind that we assume that the bound variables of e do not occur in the domain of g and that
the polymorphic type variables of e are distinct from the type variables occurring in g (using c-conversion
if necessary).

Definition A.11. Given an expression e € & and an expression substitution g, the application of o to e is
defined as follows:

co= c
(e1,e2)0 = (e10;e20)
A t —(>7TL e))g - 7Tj\<eg)t g —> &
ielti Sq — i€l Sq
( (oslses z.e)o = )\[0 ]JEJ z.(eo)
erea)o = (e10) (e20)
(e€t?e1:e2)0 = ep€Et?e1p: e2p
o = o(x) ifx € dom(p)
o = x if z ¢ dom(o)
(eloslien)e = (eo)lojljes

In the case for instantiation (e[o;]jecs)o, the o, operate on the polymorphic type variables, which
we assume distinct from the variables in o (using a-conversion if necessary). As a result, we have
tv(e) N, ¢, dom(o;) = (. Similarly, in the abstraction case, we have z ¢ dom(o).

Next, we define the relabeling of an expression e with a set of type-substitutions [o;];e s, which consists
in propagating the o; to the A-abstractions in e if needed. We suppose that the polymorphic type variables
in e are distinct from the type variables in the range of o (this is always possible using a-conversion).



Definition A.12 (Relabeling). Given an expression e € & and a set of type-substitutions [0 ;] jc j, we define
the relabeling of e with (0] ;e s, written eQ[o;] e, as e if tv(e) N U, ; dom(o;) = 0, and otherwise as
follows:

(e1,€2)Qoj]jes = (e1Q@[oy]jecs, e2Q0j]je)
(mi(e))Qlojljes = mi(eQloj]jes
(e1 €2)Qlojljes = (e1Q[oj]jer) (e2Q[o;]jer)
(e€t761 : eg)@[o'j]jej = 8@[0’j]jeJ€t?61@[a’j]j€J : 62@[0’j]jeJ
. ge[ai]ig)@[aj]jej = 69([%];‘6”[(’1‘]1‘@)
icIti =S4 _ icIti =S4
( [O'kE]kGK z.e)Qlojljes = [UﬁjeJO[%]kexme

The substitutions are not propagated if they do not affect the variables of e (i.e., if tv(e)NJ ;. ; dom(o;) =

(). In particular, constants and variables are left unchanged, as they do not contain any type variable. Sup-
pose now that tv(e) N |J;.;dom(c;) # 0. In the abstraction case, the propagated substitutions are
composed with the decorations of the abstraction, without propagating them further down in the body.
Propagation in the body occurs, whenever is needed, that is, during either reduction (see (Rappl) in Section
A.4) or type-checking (see (abstr) in Section A.3). In the instantiation case e[o;];c 1, we propagate the result
of the composition of [o;];cr with [0;];cs in e. The remaining cases are simple inductive cases. Finally
notice that in a type case e€t ? e; : ez, we do not apply [0;];e. to ¢, simply because ¢ is ground.

A.3 Type System

Because of the type directed nature of our calculus (ie, the presence of the type-case expression), its dynamic
semantics is defined only for well-typed expressions. Therefore, we introduce the type system before giving
the reduction rules.

Definition A.13 (Typing environment). A typing environment I' is a finite mapping from expression
variables X to types 7, and written as a finite set of pairs {(x1 : t1), ..., (Tn : tn)}. The set of expression
variables defined in T is called the domain of T, denoted by dom(T"). The set of type variables occurring
in I, that is, | ., cr var(t), is denoted by var(L'). If T" is a type environment, then I, (x : t) is the type
environment defined as

(T 1)) = {tp(y) ervise

We extend the definition of type-substitution application to type environments by applying the type-
substitution to each type in the type environment as follows:
Fo={(z:to)|(xz:t)el}
The typing judgment for expressions has the form A;T" e : ¢, which states that under the set A of
(monomorphic) type variables and the typing environment I" the expression e has type ¢t. When A and T"
are both empty, we write - e : ¢ for short. We assume that there is a basic type b, for each constant c. We

write o §f A as abbreviation for dom (o) N A = . The typing rules are given in Figure 3 which are the same
as in Section 3 except for the rules for products.

A.4 Operational Semantics
Definition A.14 (Values). An expression e is a value if it is closed, well-typed (ie, - e : t for some type t),
and produced by the following grammar:

(Nierti—s;i)

T.e
lojljes

Values vi=c| (v,v) | A

We write V' to denote the set of all values.
Definition A.15 (Context). Let the symbol [_] denote a hole. A context C[_] is an expression with a hole:
Contexts Cl] ==

[
(CL],e) | (e,CL])

|
| Clle|eCl]
| Cllet?e:e|ect?Cl]:elect?e: C]
| m(CL)
An evaluation context E[_] is a context that implements outermost leftmost reduction:
Evaluation Contexts El] == []
| (ELLe)| (v EL])
| El]elvE[]
\ E[ Jetre:e
| m(ELD)

We use Cle] and Ele] to denote the expressions obtained by replacing e for the hole in C[_] and E[_],
respectively.



( 1‘) ( ) A;Fl_612t1 A;Fl_ezttz )
ATFcib 0™ ATFa:D(x) AT (eren)  txta PO
A;F}—e:tlxtg ) A;Fl—elztlﬁtg A;Fl_eztt1( [)
A;Pl—ﬂ‘i(e):ti (p'vj A;F}—6162:t2 app

A" = A Uvar( /\ tio; — 8i0j)
iel,jeJ
Vie],jGJ.A';I‘,(x:tiaj)l—e@[oj]:sioj
YT (abstr)
A;FF)\[U'J_]]EJ x.e: /\ tio; — S0
iel,jed
. . <=t = A;Thle:s
Ailke:t {t’gt = AiTker:s AiTkeit oid
A;TH (ect?erez): s (case) A;TFelo]:to (inst)
Vje J AT Feloj]:t; [J|>1 . A;Tke:s s<t
- (inter) - (subsum)
A;Fl—e[aj}je]:/\t]- A’Fl_e:t
jeJ
Figure 3. Typing rules

We define a small-step call-by-value operational semantics for the calculus. The semantics is given by
the relation ~~», which is shown in Figure 4. There are four notions of reduction: one for projections, one
for applications, one for type cases, and one for instantiations, plus context closure. Henceforth we will
establish all the properties for the reduction using generic contexts but, of course, these holds also when the
more restrictive evaluation contexts are used.

Notions of reduction:
(Rproj) T (1}1,1)2) ~r Vs
Nicrti—s;
Rappl) (NS0 7" e o~ (€'Qloy]jep) {Va}
where P = {jeJ|3el. Fv:to;}

er if Fo:t

? .
(Rcase) (vEt?ey :eg) ~ { s otherwise

(Rinst)  e[oj]jes ~ eQlojljers

Context closure:
€ ~> 6/

(RCtX) W

Figure 4. Operational semantics of the calculus

The (Rproj) rule is the standard projection rule while the other notions of reduction have already been
explained in Section 3.3.

We used a call-by-value semantics for application to ensure the type soundness property: subject
reduction (or type preservation) and progress (closed and well-typed expressions which are not values can
be reduced), which are discussed in Section B.2. To understand why, consider each basic reduction rule in
turn.

The requirement that the argument of a projection must be a value is imposed to ensure that the property
of subject reduction holds. Consider the expression e = 71 (e1, e2) where e; is an expression of type 1
(different from 0) and e2 is a (diverging) expression of type O. Clearly, the type system assigns the type
t1 x 0 to (e1, e2). In our system, a product type with an empty component is itself empty, and thus e has
type 0. Therefore the type of the projection as well has type O (since 0 < 0 x O, then by subsumption



(e1,e2) : 0 x 0 and the result follows from the (proj) typing rule). If it were possible to reduce a projection
when the argument is not a value, then e could be reduced to e, which has type ¢1: type preservation would
be violated.

Likewise, the reduction rule for applications requires the argument to be a value. Let us consider the
application (A7t =X) 1 (4 1)) (e), where - e : ¢V s. The type system assigns to the abstraction
the type (t — ¢ X t) A (s — s X s), which is a subtype of (t V s) — ((t X t) V (s X s)). By subsumption,
the abstraction has type (tV s) — ((¢t x t) V (s X s)), and thus, the application has type (¢ X t) V (s x s). If
the semantics permits to reduce an application when the argument is not a value, then this application could
be reduced to the expression (e, e), which has type (¢ V s) x (¢t V s) butnot (¢ X t) V (s X s).

Finally, if we allowed (e€t ? e1 : e2) to reduce to e; when = e : ¢ but e is not a value, we could break
type preservation. For example, assume that - e : 0. Then the type system would not check anything about
the branches e; and es (see the typing rule (case) in Figure 3) and so e; could be ill-typed.

Notice that in all these cases the usage of values ensures subject reduction but it is not a necessary
condition: in some cases weaker constraints could be used. For instance, in order to check whether an
expression is a list of integers, in general it is not necessary to fully evaluate the whole list: the head and
the type of the tail are all that is needed. Studying weaker conditions for the reduction rules is an interesting
topic, which we leave for future work, in particular, in the view of adapting our framework to lazy languages.

B. Properties of the Type System

In this section we present some properties of our type system. First, we study its syntactic meta-theory:
in particular, we prove admissibility of the intersection rule, a generation lemma for values, and that
substitutions preserve typing. These properties are needed to prove soundness, the fundamental property
which links every type system of a calculus with its operational counterpart: well-typed expressions do not
go wrong. Next, we prove that the explicitly-typed calculus is able to derive the same typing judgments as
the BCD intersection type system defined by Barendregt, Coppo, and Dezani [1]. Finally, we prove that the
expressions of the form e[o;]jes are redundant insofar as their presence in the calculus does not increase
its expressive power.

B.1 Syntactic meta-theory

LemmaB.1. IfA;T e : tand var(T') C A, then var(T'") C A’ holds for every judgment A" ;T ¢’ : t/
in the derivation of A;T' F e : t.

Proof. By induction on the derivation of A;T' e : ¢. O

Lemma B.2 (Admissibility of intersection introduction). Let e be an expression. If A;I' - e : t and
A:Tke:t thenA;TFe:tAt.

Proof. The proof proceeds by induction on the two typing derivations. First, assume that these two
derivations end with an instance of the same rule corresponding to the top-level constructor of e.

(const): both derivations end with an instance of (const):

(const) (const)

A;TFec:be A;TFe:be
Trivially, we have b. A be =~ b., by subsumption, the result follows.
(var): both derivations end with an instance of (var):

(var) (var)

ATFz:T(x) ATHz:T'(x)
Trivially, we have I'(z) A I'(z) ~ I'(x), by subsumption, the result follows.
(pair): both derivations end with an instance of (pair):

A;Tker:ts A;Fl—egztg( ) A;Tker:t] A;Tkex:th
air
ATF (en,e): (b x ta) P AT F (er,en) : (5 x th)
By induction, we have A ;' & e; : (t; At;). Then the rule (pair) givesus A ;T F (e1, e2) @ (t1 At]) X
(t2 A t5). Moreover, because intersection distributes over products, we have (t1 A t]) X (t2 A t5) =~
(t1 X t2) A (t] X t5). Then by (subsum), we have A ;T I (e1,e2) : (t1 X t2) A (#] X t53).
(proj): both derivations end with an instance of (proj):

(pair)

A;FF6,:t1Xt2( ) A;erlit,lxté( )
———= (pro ————= (pro
A;TEm(e):t prod AT Fm(e): t prod
By induction, we have A ;T F €’ @ (£1 X t2) A (] X t5). Since (£1 At]) X (2 Ath) > (t1 X t2) A(t] X t5)
(see the case of (pair)), by (subsum), we have A;T €’ : (t1 A t1) X (t2 A t3). Then the rule (proj)
givesus A;T (€)1t At



(appl): both derivations end with an instance of (appl):

A;FF612t1—>t2 A;FF62:t1
A;FF€1622t2

(appl)

A;Fl—el:tll%té A;FFegltll
A T Feqes: tlg
By induction, we have A;T F e1 : (t1 — t2) A (1 — t5) and A;T F ez : t1 A t}. Because
intersection distributes over arrows, we have (t1 — t2) A (t; — t5) < (t1 Aty) — (t2 At5). Then
by the rule (subsum), we get A;T F e1 : (t1 At]) — (t2 A t5). Finally, by applying (appl), we get
AT e e : ta Ath as expected.
(abstr): both derivations end with an instance of (abstr):

(appl)

Viel,jeJ AT, (z:tio;) F Qo] : sio;
Al =AU var(/\ielyjejtiaj — siaj)

. Nierti—>s; /.
AT H /\[Uj]je‘] z.e' : \

icr,jeg tigi = 8i0;

Viel,jeJ AT, (z:t0;)F Qloj]: si0;
A =AU var(/\ielyje'] tioj; — 8i05)

. Nierti—s; /.
AT H /\[g]_]jeJ z.e' : \

iEI,jEJtio-j —>S7;0'j

It is clear that
( /\ tin%Sin)/\( /\ tia'j*)SiO'j)’Z /\ tioj%sioj
i€l jed iel,jeJ iel,jeJ
By subsumption, the result follows.
(case): both derivations end with an instance of (case):

toﬁ—‘t = A;Fl—6115

A;Fl—eoito
to £t = A;'key:s
AT F (eg€t7er:e2): s (case)
I t{)ﬁ—\t = A;PF(ﬁ:s/
A;Fl_eoit()
£t = A;Tles:s
(case)

A;TF (eg€t?er s e): s
By induction, we have A ;T I eg : to A ty. Suppose to Aty £ —t; then tg £ —t and t;, £ —t.
Consequently, the branch e; has been type-checked in both cases, and we have A ;T - e; : s A s" by
the induction hypothesis. Similarly, if o A ¢y £ t, then we have A ;T I e3 : s A s’. Consequently, we
have A ;T F (eg€t 7 e : e2) : s A s by the rule (case).
(inst): both derivations end with an instance of (inst):

ATFe:t ofA ATFe:t ofA
AT ko] :to A;Tkéo]:to
By induction, we have A;T' ¢’ : t At'. Since o §f A, the rule (inst) givesus A; T €'[o] : (¢ A L))o,
thatis A; T €'[o] : (to) A (H'o).
(inter): both derivations end with an instance of (inter):

(inst)

(inst)

VieJ A;TFelo]:t; . VjeJ A TFeéloy:t]
. ! (Znte,r) . ! /
A,Fl—e[oj}jejz/\jeth A,Fl—e[aj}jeJ:/\jeth
where |J| > 1. By induction, we have A ;T' F €'[o;] : t; A ¢ forall j € J. Then the rule (inter) gives
us AT € [ojljes : Njes(ts A t5), thatis, AT+ €'[o5] e ¢ (Njesti) A (/\jeJt;')'
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), for
instance,

(inter)

ATkHe:s s<t
A:THEe :t ATHe
By induction, we have A;T" e’ : s At'. Since s < t, we have s A t' < t A t'. Then the rule (subsum)
givesus A;T e’ : t At as expected. O

(subsum)



Lemma B.3 (Generation for values). Letr v be a value. Then

1. If AT Fw:b, then v is a constant ¢ and b. < b.
2. If AT F vty X to, then v has the form of (vi,v2) with AT F v; : ¢,
3AfAT Fw it — s thenv has the form of A "Elt Ty eo with \

e iel’jeJ(tiaj%siaj)St%s.
Proof. By a simple examination of the rules it is easy to see that a derivation for A;T" - v : ¢ is always
formed by an instance of the rule corresponding to the kind of v (i.e., (const) for constants, (pair) for pairs,
and (abstr) for abstractions), followed by zero or more instances of (subsum). By induction on the depth of
the derivation it is then easy to prove that if A ;" - v : ¢ is derivable, then ¢ # 0. The lemma then follows
by induction on the number of the instances of the subsumption rule that end the derivation of A;T" - v : £.
The base cases are straightforward, while the inductive cases are:

A ;T F v :b: vis by induction a constant ¢ such that b. < b.

/

A;TFwv:ty X te: vis by induction a pair (v1,v2) and ¢’ is form of (¢] X t5) such that A;T F v; : ¢5.
Here we use the fact that the type of a value cannot be O: since 0 2 (] x t3) < (t1 X t2), then we have
t; < t;. Finally, by (subsum), we have A ;T F v; : t;.

1eIt —s;

A; T v:t— st ovis by induction an abstraction )\ e

t—s.

z.eo such that A\, ;i ;(tio; — sio;) <

O

Lemma B.4. Let e be an expression and [0j]jc, [0k|kek two sets of type substitutions. Then

(eQ[oj]jer)@loklkex = eQ([ok]rex o [0j]cs)

Proof. By induction on the structure of e.

- (cQ[oj]je)Qlok]kex = cQlok]ker
— = Q([o]rex o [oj]jes)
(zQ[o;]je7)Qlok]rex = 2Qlog]kek

2Q([ok]kek o [oj]5e)
e = (e1,e2):
(e1Qloj] e, e2Q[0;]jes)Qlok]ker
((e1Q[o;]e7)Q[ok]kek, (2Q[0;]je7)Q@[ok]rex) (by induction)
g e1Q([o]kek o [05]jer), e2@([ok]rek © [0j]5e0))

((e1,e2)Qo;]jes)Qok]ker

e1,e2)Q([or]kex o [oj]5e0)
e=mi(e):
(mi(e)@lojljes)@lor]kex =  (mi(e'Qloj]jer))Qok]rer
= m(('Q[oj];es)Q[ok]rex) (by induction)
= mi(e'Q([or]rek © [05]jer))
= 71',( /)@([O'k]keK o [UJ]JEJ)

((ere2)@loj]je)Q@ok]kex (e1@[o;]e0)(e2Q[0;]5€))Qlok] ke o
(e1Q[o;]je.)Qok]rer ) ((e2Q@[o;]je.)@[ok]rer) (by induction)
e1Q([oklrek o [05]5e))(e2Q([ok]rek © [05]je7))

e1e2)Q([or|rex © [0 e

(
(
(
(

Nierti—s; ’

e=\ x.e :
[oj/]j’EJ'
Nierti—s; Nierti—sg
(( [c;jelfj/lg_,;?m'e/)@[gj]jEJ)@[ak]keK = ()\[fflijTJj[:j’]j/e.]/x'el)@[gk}keK
_ ( Nicrti—sq xel)
- loklkerolojljerolojr]jre g

= (AT e)Q([ok]kex o [o5]5e)

lojl5req
e =epEt ?e : ex: similarto e = (e1, e2)
e=eloiier:
((¢'[oi)ien)Q@lojljer)Qlorlrex = (€'Q[oyljes o [oilier))@onlke
e

([ok)kex © [05]je o [o3]icr) (by induction)
('[oi]icn)Q([ok]rek © [0)]je7)



Lemma B.5. Let e be an expression, o an expression substitution and [0;];c a set of type substitutions

such that tv(o) N U, ¢, dom(a;)

Proof. By induction on the structure of e.

o (co)@loj]jcs =

e =x: if x ¢ dom(p), then
(z0)@lo;]jer =

= (Z) Then (eg)@[aj]jgj = (6@[0]']]'51)@.

cQlojljes

C

co
(cQ[oj]jes)0
Qo]

xr

z0

(zQ[o;]jer)e

Otherwise, let o(x) = €'. As tv(o) N, ; dom(a;) = 0, we have tv(e’) N, , dom(o;) = 0. Then

(r0)Q[oj]jes =

e = (e1,e2):

((e1, e2)0)Qloj]jes
(e10)@

(1 [
A~

((e1e2)0)Qoy] e ((ex
((ex
((ex
((
((

€1

Me]tz‘ﬁsim.e/:
loklkek

")e)Qlojljes

e= A

Nierti—s;

( loklkek
Nicrti—si

xT.e =

Nicrti—>s;
(( [Ulk]kGK L

lojliesoloklrex

Nigrti—si

Nierti HS‘L
[oklker

((A

e=epEt?e; : €ea:

eo€t?er : e2)p)@

e00)EL 7 (e10) :

((
((
((e00)@[oj]jea)€
((
((

[OJ]JGJ
(€20))Q[oj]jes
t?

((eoet 7ep: 62)@[0’j}jej)@

0)(e20))Q[o;]es
0)Q[oj]jes)((e20)@
@[beeJ)Q)((62@[03]36J)9)
Qloj]jes)(e2@loj]jes))e
e1e2)Qojler)o

( [OJ]JEJO[gk]kEK

((e10)@[oy]je) :
e0Q[oj]jes)0)€t 7 ((e1Q[oy]jecr)0)
60@[0'j]jeJ)€t? (61@[Uj]j€J) : (

¢ Qlojljes

e

zo
(zQ[ojlies)0

e10,€20)Qo;]jer

lojljca, (e20)@[oj]e.)
(e1@[ojljer)0, (e2Qoj]jes)0)
81@[(7]'}]'6], 62@
(e1,e2)@[oj]jes)0

(by induction)
[ojlies)e

(by induction)
Jj ]J eJ ) [

[
(( mi(e'))Qlojljer)e

loj]e.)
(by induction)

z.(e'0))Q[o]jes

z.(¢'0)

z.¢')o (because tv(o) N, ,dom(a;) = 0)
€)Q[o;]je0)0

((e20)@[o]je)
: ((e2@[o]jer)0)
e2Q[o;]jer))e

(by induction)

e = e'[ok]ker: using a-conversion on the polymorphic type variables of e, we can assume tv(g) N

Urex dom(ax) =

((€'[or]rex)0)@loj]jer = (
'0)@
'0)@

(¢
&
&
6/
€

(
(
(
(
(

(). Consequently we have tv(e) MU, ¢ xcx dom(o; o ox) = 0, and we deduce

0)oklkex)Qloj]jes

([ojljes o lok]kex)
[0 0 okljerker

Q[0 0 ok)jesker)e (by induction)
/@([UJ]JEJ o [Uk]kEK))Q
(€'lo

klkerx)Qojljer)eo



O

Lemma B.6 ([Expression] substitution lemma). Let e ey, ..., e, be expressions, x1,...,Tn distinct
variables, and t,t1, ..., tn types. If AT, (z1 1 t1), ..., (Tn : tn) Fe: tand AT & e; 1 & for all i, then
AT Fefer/py,...,enfp, }: t.

Proof. By induction on the typing derivations for A; ', (z1 : t1),..., (zn : tn) F € : t. We simply “plug”
a copy of the derivation for A;I' - e; : t; wherever the rule (var) is used for variable ;. For simplicity,
in what follows, we write I for I', (21 : t1),. .., (@n : tn) and g for {€1/z,, ..., €n/z, }. We proceed by a
case analysis on the last applied rule.

(const): straightforward.

(var): e=zand ATV -z : TV(2).
If z = x;, then I'(z) = t; and zp = e;. From the premise, we have A ;T I e; : ¢;. The result follows.
Otherwise, I''(z) = I'(z) and zo = =. Clearly, we have A ;T I z : ['(x). Thus the result follows as
well.

(pair): consider the following derivation:

A;F’I—elztl A;F’I—elztl
A;F/ = (61,62) : (tl X tz)
By applying the induction hypothesis twice, we have A;I" F e;p : t;. By (pair), we get A;T"
(e10,€20) : (t1 X t2), thatis, A; T F (e1,e2)0: (t1 X t2).
(proj): consider the following derivation:

(pair)

A;F'Fe':tl X to
A ) '+ m(e’) ct;
By induction, we have A ;T I €’p : t1 X t2. Then the rule (proj) gives us A ;T + m;(€’0) : t;, that is
A;F [ 71'1‘(6/)@ 2.
(abstr): consider the following derivation:

(proj)

Viel,jeJ AT, (z:tio;) b eQloj] : si05

A/ =AU var(/\iejyje‘] tioj — sioj)
AT - )\/\ielti"\si /. (abStT)
; oyliey T /\ielyje‘]tio'j — 807

By a-conversion, we can ensure that tv(o) N {J;c ; dom(o;) = (. By induction, we have AT, (2
t;o;) F (e'Qloj])o : sioj foralli € I and j € J. Because tv(g) N dom(o;) = 0, by Lemma B.5,
we get A';T,(z : t;0;) F (e'0)@[o;] : si;o;. Then by applying (abstr), we obtain A;T +
Nicrti—s; . i Nierti—s;
[Jf];e?s 2.(€'0) : Nierjes tioj — si0j. Thatis, A;T = (A 51 5.€)0: Niergertios =
si0; (because tv(g) N, ; dom(a;) = 0).
(case): consider the following derivation:
[ tlﬁ—'t = A;F,F(ﬁ:s
A X '+ €p : t/
'Lt = A:T"Fes:s
AT F (eo€t?er :e2) : s
By induction, we have A ;T egp : ' and A;T | e;0 : s (for i such that A ;T I e; : s has been
type-checked in the original derivation). Then the rule (case) gives us A; T F (ego€t 7 e10: €20) : 8
thatis A;T'F (eo€t7e1 : e2)po : s.
(inst):

(case)

AT'Fe s oA
AT Félo]: so
Using a-conversion on the polymorphic type variables of e, we can assume tv(g) N dom(o) = . By
induction, we have A;T I €'p : s. Since o § A, by applying (inst) we obtain A ;T = (¢'g)[o] : so,
thatis, A ;T (¢/[0])o : so because tv(g) N dom(c) = ()
(inter):

(inst)

VJ e J. A;Fl [ e'[aj] 1t

A;F/ F el[O'j]jeJ : /\jGth
By induction, for all j € J we have A;T + (e'[o;])o : t;, thatis A;T  (e'o)[o;] : t;. Then by
applying (inter) we get AT 1= (e'0)[oj]jer = N\ t)» thatis AT (e'[os]ser)0: Ny ti-

(inter)



(subsum): consider the following derivation:
AT Fe:s s<t
AT/ et
By induction, we have A ;T' - ¢’ p : s. Then the rule (subsum) givesus A;T' - ¢e'p : t.

(subsum)

Definition B.7. Given two typing environments I'1, I's, we define their intersection as

o Fl(ZL‘) A Pz(m) ifx € dom(Fl) n dOm(Fg)
(T AT2)(@) = {undefined otherwise

We define 'y <T'1 ifT'a(z) < T'i(x) forall z € dom(T'1), and 'y ~ Tz if Ty < Tz and Ty <T'.

Given an expression e and a set A of (monomorphic) type variables, we write e ff A if o; § A for all the
type substitution ; that occur in a subterm of e of the form ¢’[c;] e (in other terms, we do not consider
the substitutions that occur in the decorations of A-abstractions).

Lemma B.8 (Weakening). Let e be an expression, T', T’ two typing environments and A’ a set of type
variables. [FA;T'Fe:t, TV <Tandef A, then AUA";T" e : t.

Proof. By induction on the derivation of A ;T" - e : t. We perform a case analysis on the last applied rule.

(const): straightforward.

(var): AT+ x : T(z). Itis clear that AUA"; TV = z : TV(z) by (var). Since I (z) < T'(z), by (subsum),
weget AUA TV -z : T'(x).

(pair): consider the following derivation:

A;Fl—elztl A;FF@g:tz
A;Fl— (61762) 1 X tg
By applying the induction hypothesis twice, we have A U A";T”  e; : t;. Then by (pair), we get
AUA,;P/ [ (61,62) ct1 X ta.
(proj): consider the following derivation:

(pair)

A;Fl—e':tl X to
A;F [ 71'1(6’) 7
By the induction hypothesis, we have A U A" ;T I €’ : ¢1 X t2. Then by (proj), we get AU A" ;T =
mi(e') 1 t;.
(abstr): consider the following derivation:

(proj)

Viel,jeJ A";T,(x: tio;) F Qo] : sioj
A"=AU var(/\ieme, tio; — $i05)

ATE )\/\iElti_’Si /. (abStT)
: orey T /\ielﬂjeJtin — 805

By induction, we have A” U A";T”, (z : t;0;) + € @[o;] : s;o; foralli € I and j € J. Then by
(abstr), we get AUA"; TV - Aﬁjﬁj’?is’xe' : Nier jes tioj — $i0;.

(case): consider the following derivation:

[ tlﬁ—'t = A;T'kei:s
A;Fl_eoit/
Lt = A;Tkes:s

AT F (eg€t?er:e2): s

By induction, we have A U A";TV I eg : to and A U A’;T” I e; : s (for 4 such that e; has been
type-checked in the original derivation). Then by (case), we get AU A’ ;T + (eg€t 7eq : €2) : s.
(inst): consider the following derivation:

(case)

A;THe:s otA
AT Eé€o]: so

By induction, we have A U A’;T" + ¢’ : s. Since e § A'(i.e., €'[0] § A'), we have o § A’. Then
o #A U A’. Therefore, by applying (inst) we get AU A’ ;T I €'[o] : so.

(inst)



(inter): consider the following derivation:

VieJ A, TH el[O'j] 7
A ) '+ 6,[(73‘}]‘6] : /\jEth
By induction, we have A U A";TV + €'[o;] : t; for all j € J. Then the rule (inst) gives us
AU A/;Fl [ e'[aj]ng : /\jEth'
(subsum): there exists a type s such that

(inter)

ATkHe:s s<t
A:THe :t
By induction, we have A U A’ ;T I ¢’ : s. Then by applying the rule (subsum) we get A U A’ ;T -
e :t.

(subsum)

O

The next two lemmas are used to simplify sets of type-substitutions applied to expressions when they
are redundant or they work on variables that are not in the expressions.

Lemma B.9 (Useless Substitutions). Let e be an expression and [0k ke K, [0} ke two sets of substitu-
tions such that dom(co},) Ndom (o) = 0 and dom(ay,) N tv(e) = O for allk € K. Then

AT+ e@[Jk]kQK 1t ATk e@[ak UU’::]I(:EK it
Proof. Straightforward. O

Henceforth we use “&” to denote the union of multi-sets (e.g., {1,2} W {1,3} = {1,2,1,3}).

Lemma B.10 (Redundant Substitutions). Let [0;];cs and [0;]jc 5 be two sets of substitutions such that
J' C J. Then

AT H 6@[0’]']7’6]@]/ t<— AT+ 6@[0’j]je] it
Proof. Similar to Lemma B.9. O

Lemma B.9 states that if a type variable « in the domain of a type substitution o does not occur in the
applied expression e, namely, & € dom(o) \ tv(e), then that part of the substitution is useless and can be
safely eliminated. Lemma B.10 states that although our [0 ] ;¢ s are formally multisets of type-substitutions,
in practice they behave as sets, since repeated entries of type substitutions can be safely removed. Therefore,
to simplify an expression without altering its type (and semantics), we first eliminate the useless type
variables, yielding concise type substitutions, and then remove the redundant type substitutions. It explains
why we do not apply relabeling when the domains of the type substitutions do not contain type variables in
expressions in Definition A.12.

Moreover, Lemma B.10 also indicates that it is safe to keep only the type substitutions which are different
from each other when we merge two sets of substitutions (e.g. Lemmas B.13 and B.14). In what follows,
without explicit mention, we assume that there are no useless type variables in the domain of any type
substitution and no redundant type substitutions in any set of type substitutions.

Lemma B.11 (Relabeling). Let e be an expression, [oj]jc s a set of type substitutions and A a set of type
variables such that o § A forall j € J. If A;T' e : t, then

AT H e@[aj]jej : /\ tO'j
jeJ
Proof. The proof proceeds by induction and case analysis on the structure of e. For each case we use an

auxiliary internal induction on the typing derivation. We label E the main (external) induction and I the
internal induction in what follows.

e = c: the typing derivation A ;" I e : ¢ should end with either (const) or (subsum). Assume that the
typing derivation ends with (const). Trivially, we have A;I" F ¢ : b.. Since c@Q[o;];e7 = ¢ and
be =~ ;e s beoj, by subsumption, we have A;I' - c@[o;]jes 0 A 5 beo;.

Otherwise, the typing derivation ends with an instance of (subsum):

A;TFe:s s<t
ATkFe:t

Then by I-induction, we have AT = e@[o;]jes @ Aoy 50;. Since s < ¢, we get A\ ;s0; <
;e toj. Then by applying the rule (subsum), we have A;T' = eQ[oj] ;e A\ s to;.

(subsum)

JjEJ



e = x: the typing derivation A;I" F e : t should end with either (var) or (subsum). Assume that
the typing derivation ends with (var). Trivially, by (var), we get A;T" + x : I'(x). Moreover, we
have zQ@[o;]je; = = and I'(z) = A;c;[(z)o; (as var(I)) C A). Therefore, we deduce that
AT F z2Q[oj)jer : /\]eJ (z)oj.

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = (e1, e2): the typing derivation A;T" - e : ¢ should end with either (pair) or (subsum). Assume that
the typing derivation ends with (palr)

AI‘F€1 t1 A;FFQQZtQ
A,Fl‘ (61,62) 1t X t2
By E-induction, we have AT F e;@ojljes :+ A, tio Then by (pair), we get A;T +
(61@[(7]‘}3‘6], ez@[tfjb‘eJ) : (/\]EJ tldj X /\jEJ tQO']‘), that 18, A ) T + (61, 62)@[0’j]jgj
/\jEJ(tl X tQ)Uj.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = m;(e’): the typing derivation A ;T + e : ¢ should end with either (proj) or (subsum). Assume that the
typing derivation ends with (proj):

(pair)

A;Fl—e’:tl X ta
AT Em(e):
By E-induction, we have A;T' = €'@[o;]jes @ Ao, (t1 X t2)oy, that is, AT = €'Qoj]jes :
(Ajest105 X ;e s t20;). Then the rule (proj) gives us that A;T' = (€' Qo] jer) = ¢ tio;, that
iS, A ) '+ ﬂi(el)@[dj}jej : /\jEJ tiaj.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = ejez: the typing derivation A ;T F e : ¢ should end with either (appl) or (subsum). Assume that the
typing derivation ends with (appl):

(proj)

jeJ

ATTkter:t—s A;T'kFex:t )
AT Fejex:s (pair)
By E-induction, we have A;T" F e1@Jo;]jes : /\jeJ(t — s)o; and A;T F e2@Q[o;] : /\jeJtaJ
Since /\jeJ(t = 8)o; < (/\jEJtO'j) — (/\jEJ s05), by (subsum), we have A;T" F e1Q[o;] e :
(/\]EJ to;) — (/\jEJSO']'). Then by (appl), we get
AT F (e1@[og]je0)(e2Qloj]je ) /\ 50

JjeJ

thatis, A;I' -+ (6162)@[0’j]jej : /\jEJ S80;.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

[Aaf]i Z:Si ¢’ the typing derivation A ;T - e : t should end with either (abstr) or (subsum).

Assume that the typing derivation ends with (abstr):

e= A\

Viel keK. AI;F, (:C : tiO'k) = 6’@[0’k] 1 8i0k
A" = AUvar(A;c; pek tiok = siox)

crti—>s; .
A:TH )‘[le Thex ‘r.e : /\igykeK tior — SiOk

Using a-conversion, we can assume that o § (var(A;c; pcx tiox — siox) \ A) for j € J. Hence
oj § A’. By E-induction, we have
A" T, (z: (tiog)) F (e'Q[ox])Q[oy] : (siok)o;
foralli € I,k € K and j € J. By Lemma B4, (¢'@Q[o%])@[c;] = €'Q([o;] o [0k]). So
A" T (z: (tiok)) F €'@Q([oj] o [ok]) : (si0%)0;
Finally, by (abstr), we get
AT b \ertims z.e : /\ ti(ojoo) — si(oj 0 ok)

lojo0k]ljcrkek
i€l,jEJkEK

(abstr)

that is,
A F [ ( af]ite;S7$'el)@[Uj]j€J : /\( /\ tiO'k — SiO'k)O'j
j€J i€l keK

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.



e =e€'Ct7e; : eg: the typing derivation A ;T I~ e : t should end with either (case) or (subsum). Assume
that the typing derivation ends with (case):

I tlﬁ—'t = A;T'kei:s
A:TkHe:t
<4t = Ai;Tkes:s

ATF (e€t?er:e2): s
By E-induction, we have A;T" & €'@[o;];es © A\, t'0;. Suppose A, t'o; £ —t; then we must
have ¢ £ —t, and the branch for e; has been type-checked. By the E-induction hypothesis, we have
AT+ e1@Q[ogljes = N\jeys0;. Similarly, if A, t'0; £ t, then the second branch e has been

type-checked, and we have A;I' - e2@[o;] e : A\ ¢ ; 505 by the E-induction hypothesis. By (case),
we have

(case)

AT H (el@[a'j]ngGt e 61@[0’j]je1 : 62@[Uj]jej) : /\ S0
=
thatis AT = (e'€t7er @ e2)Qoj]jes : N\je s 505
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e = ¢[o]: the typing derivation A ;T | e : t should end with either (inst) or (subsum). Assume that the
typing derivation ends with (ins?):

ATHe 't ofA
AT Feé[o]: to

Consider the set of substitutions [0 0 o];es. Itis clear that o; 0 o § A for all j € J. By E-induction,
we have

(inst)

AT FeQlojoo0]jes: /\ t(ojo0)
JjEJ
thatis, AT = (e'[o])Qoj]jes = A\, (to)o;.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = €'[ok]kek: the typing derivation A ;T I e : t should end with either (inter) or (subsum). Assume that
the typing derivation ends with (infer):
Vk e K.A;TFée[ok] : tg
A ) '+ 6I[Uk]kEK : /\keK tr
As an intermediary result, we first prove that the derivation can be rewritten as

(inter)

ATrHe:s oA .
; (inst)
Vke K. A;TFeéor]:son .
y (inter)
A;Fl—e[Uk}keK:/\keKSUk /\keKSUkS/\keKtk
A;PF@I[Uk}kgK:/\keKtk

We proceed by induction on the original derivation. It is clear that each sub-derivation A ;T + ¢€[o4] :
ty ends with either (inst) or (subsum). If all the sub-derivations end with an instance of (inst), then for
all k € K, we have

(subsum)

A:TFe sk o A
AT F e ok] : spok
By Lemma B.2, we have A;T" + ¢ : Arex sk Let s = A, o sk Then by (inst), we get
AT € [ok] : sok. Finally, by (infer) and (subsum), the intermediary result holds. Otherwise, at
least one of the sub-derivations ends with an instance of (subsum); the intermediary result also holds by
induction.
Now that the intermediary result is proved, we go back to the proof of the lemma. Consider the set of

substitutions [0 © ok |;jc ke k. Itis clear that o o o § A forall j € J, k € K. By E-induction on €’
(i.e., A;T €' : s), we have

ATk e'Qlojookljesnex : /\ s(oj o o%)
jeSkEK
that is, AT F (¢/[ox]ecx)@oj]je : /\jEJ(/\kEK 50%)05. As Njcr 50k < Aper th, we get
Njer(Nier 50%)5 < Nje s (Aper te)o. Then by (subsum), the result follows.

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

(inst)



Corollary B.12. If A;T' & e[oj]jes : t, then A;T - eQ[oj]jes : t.
Proof. Immediate consequence of Lemma B.11. O

Lemma B.13. If A;T + eQ[o;ljcs : ¢t and A';T' + eQojljes : t', then A UA ;T AT +
eQlojljcsuy ttAY

Proof. The proof proceeds by induction and case analysis on the structure of e. For each case we use an
auxiliary internal induction on both typing derivations. We label E the main (external) induction and I the
internal induction in what follows.

e =c: eQ[oj]jes = eQ[oj];c = c. Clearly, both typing derivations should end with either (const) or
(subsum). Assume that both derivations end with (const):

(const) (const)

A;TkFc:be AT e be
Trivially, by (const) we have AU A’ ;T AT b ¢ : be, thatis AUA" ;T AT F eQo] e 07 ¢ be. As
be =~ be A be, by (subsum), the result follows.
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), for
instance,

AT F eQlojljes:s  s<t
AT F eQ[oj]jes i t
Then by I-induction on A ;' - e@[o;] e : sand A" ;T - e@[o;]c 5 : t', we have
AUA";T AT I eQ[oj]jequs : sAE
Since s < t, we have s At' < t At'. By (subsum), the result follows as well.

e =x: eQoj]jes = €Qoj]je s = w. Clearly, both typing derivations should end with either (var) or
(subsum). Assume that both derivations end with an instance of (var):

(subsum)

(var) (var)

A;Tkaz:T(x) AT Ez: T (x)
Since z € dom(T") and z € dom(I"), z € dom(I' AT”). By (var), we have AUA"; T AT - x :
(T AT")(z), thatis, AUA";T AT F eQ[oj]jesus : D(x) AT ().
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

e = (61, 62): 6@[0]'}]'6] = (61@[0']']]'6J, 62@[0']'}]'6]) and

€Qlojljer = (e1Q[oj]je, €2@[o;];c7). Clearly, both typing derivations should end with either
(pair) or (subsum). Assume that both derivations end with an instance of (pair):

A;F [ 61@[0'j]jej : 81 A;F = 62@[0']']]'6] D)
A;F [ (61@[0j]jeJ,62@[O’j]jeJ) : (81 X 52)

(pair)

AT ¢ e1Qlojliey : 81 AT F ex@[oj]jer : sh
A’ ) Ik (61@[0']']]-6]/, eQ@[Jj]jejl) : (Sll X 8,2)

By E-induction, we have A U A";T ATV + €;Q[o;]je 5007 : 8i A s;. Then by (pair), we get
AUA ;T AT F (e1Q[oj] e 057, €2Q[0j]e5057) 1 (51 AsT) X (s2 A sh), thatis AUA"; T AT =
(e1,e2)@Qloj] e 50 : (51 A s1) X (s2 A s3). Moreover, because intersection distributes over product,
we have (s1 A s7) X (s2 A s5) =~ (s1 X s2) A (s} x s5). Finally, by applying (subsum), we have
AUA";T AT F (e1,e2)@Qo;]je 5007 1 (51 X 82) A (81 X 85).
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

e =mi(e'): eQlo;ljes = mi(e'Qo;]jes) and e@[o;] e = mi(e'@Q[o;];c7), where ¢ = 1,2. Clearly,
both typing derivations should end with either (proj) or (subsum). Assume that both derivations end
with an instance of (proj):

(pair)

A;Fl—e/@[aﬂjEJ:&X@ ( ) A';I"}—e’@[aj]jey ZS’IXSIQ ( )

0 ro
AT Fmi(e'Qlojlje) @ si pros AT ¢ (e Qoj]jer) @ 85 pros
By E-induction, we have A U A";T' ATV + €'Qoj]jcsus @ (s1 X s2) A (s X s5). Since
(s1 X s2) A (8] X sb) =~ (s1 A s1) X (s2 A s5) (See the case of e = (e1, e2)), by (subsum), we
have AUA";T AT b €Qloj]jesus ¢ (s1 A1) X (s2 A sy). Finally, by applying (proj), we get
AUA";T AT Fmi(eQoj]iesus) @ si Asi,thatis AUA ;T AT Fmi(e)Qlojliesu @ Si A S
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.




e = eiey: eQ[oj]jcs = (€1Q[o;]e)(e2@[0;]jes) and
eQlojljer = (e1Q[oj]je7)(e2@[o;]c7). Clearly, both typing derivations should end with either
(appl) or (subsum). Assume that both derivations end with an instance of (appl):

A;F = 61@[0]']]'EJ 181 — S2 A X I 62@[0’j]jej : 81
AT F (e1@[oj]je) (e2@[oj]jes) : 52

(appl)

AT F e1Qojljegr 81 — s ATV e2@ojljcy @ 8
A" T F (e1@oy]jeu) (€2@[oj]jes) : 52

By E-induction, we have A U A";T ATV + e1@[o]jequr ¢ (51 — s2) A (s — s5) and
AUA;T AT b ex@[oj]jequsr : S1 A si. Because intersection distributes over arrows, we
have (s1 — s2) A (s] — s5) < (s1 A sy) — (s2 A sb). Then by the rule (subsum), we get
AUA";TAT F e1@o]equ07 : (s1AS1) = (s2 A sh). Finally by (appl), we have AUA" ;T AT -
(61@[0']‘}j€]u]/)(62@[O'j]jeJuJ/) HCHWA 5/2, that is, A U A/ T'A I+ (6162)@[03‘}3'6&)]’ 1 S2 A 8/2
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.
Nierti—s; Nigrti—s; ’ 1., = Nicrti—s;
loklrex [Uj]jEJO[Uk]kexx'e and e@[gj]]ej - A[gj]jej/o[gk]kGK:r €
Clearly, both typing derivations should end with either (abstr) or (subsum). Assume that both derivations
end with an instance of (abstr):

(appl)

e=A z.e't eQlojljces = A

Viel,jeJ ke K.Ay;T,(z:ti(0jo0k)) F e'Qlojooi]:si(ojook)

Ar=AU Var(/\zelgelkeKtl(UJ ook) = si(0j © o))

Nierti—si /. (s (o
A;TH Aot rolonlne x B€ Nierjesnex ti(aj0or) = si(oj o o)

Viel,jeJ ke K. As;T, (z:ti(0j00k)) F €Q[ojooy]: si(0j 0ok)
Ao = A’ Uvar(/\ieljeJ/ykeKti(O'jOO'k)—>8i(0'j00'k))

/AR Y Nicrti—>s; ’ . .
ALTE XN [o5]; cyrolonlrex T€ “Nierjesr per ti(oj 0 on) = si(0j 0 o)

Consider any expression e’ @Q([oj]o[o%]) and any e [0}, ] o1, in €' Q([oj]o[ok]), where j € JUJ' k €
K. (Then o0, ] jo €7, must be from e”). All type variables in {J; . ;, dom(c,) must be polymorphic,

otherwise, €’@([o;] o [ox]) is not well-typed under A or As. Using a-conversion, we can assume that
these polymorphic type variables are different from Ay UAs, thatis (U, < 5, dom(oj,))N(A1UAz) =

(). So we have €' @Q([o;] o [ox]) # A1 U Ag. According to Lemma B.8, we have
AL UASTAT (x:ti(0j00k)) F €@ojoox]: si(ojook)
foralli € I,5 € JUJ and k € K. Itis clear that
A1 UAy = AUA" Uvar( A ti(o; 0 ok) — si(oj 0 o))
i€l,jeJut keK
By (abstr), we have
ierti—s;
AUA":T AT’ '_)‘U]E]jEJU]/O[Uk]ker'el : /\ ti(cj 00ok) = si(oj0ok)
icl,jeJuJ' keK
that i?’ AUA";T AT & eQloj)jequgr i AL, where t = Nierjesnex ti(as 0 ok) = si(aj 0 o))
andt’ = A,/ ey pex ti(oj 0 oK) = si(oj 0 ok).
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

e= (eo€t?er: €2): eQlojlics = (e0Q[oj]jes€t?e1Qloj)jes : €2Q[oj]ies) and eQojljer =
(e0Q[oj]jcs €t ?e1Q|oj] e : €2@[0;];¢0). Clearly, both typing derivations should end with ei-
ther (case) or (subsum). Assume that both derivations end with an instance of (case):

to £ it = A;Fl—el@[oj]jejzs
AT H 60@[0']'}]‘6] : to

toft = A;Fl—eg@[aj]jeJ:s
A,F = (60@[0’j]jgjet?61@[0j}jej : 62@[0']']]'6J) .S

(case)

to £t = AT Fei@Qojljes s
Al ) Fl - 60@[0’j]j€J/ : t6

to£t = AT Fe@Q[ojljes s

AT = (60@[Jj}jey€t?61@[Jj}jey : e2@[aj]jeJ/) 18




By E-induction, we have A U A" ;T AT F e0@[o;] e 70 © to A to. Suppose to Aty £ —t, then we
must have to £ —t and t;, £ —t, and the first branch has been checked in both derivations. Therefore
we have AUA' ;T AT I e1@[o;]c 5057 ¢ sA s by the induction hypothesis. Similarly, if to Ao £ ¢,
we have AUA"; T AT b e2@[o;] e 000 s A s'. By applying the rule (case), we have
AUA DA I (60@[Gj}jejuj/€t?61@[Gj}jeJUJ/ : ez@[aj]jejuj/) isAs

thatis, AUA';T AT F (eo€t 7 e1 : e2)Qloj]jerur t SAS.
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

e = 6/[0'1']1'612 6@[0'j}je(] = 6/@([03 [} Ui](j,i)e(]x[)) and e@[O'j]jEJ/ = 6/@([(7j o} O'i](jyi)e(Jlxl)). By
E-induction on €', we have

AUA TAT + e/@[aj o Ui}(j,i)e(JxI)u(J/xf) AT

thatis, AUA";T ATV (e/[o—i}iel)@[o—j]jeJuj/ AL

O
Corollary B.14. If A ;T + 6@[O'j]jejl tiand AT 6@[0]'}]'6]2 : to, then AT 6@[0’j]j€J1UJ2 :
t1 N\t
Proof. Immediate consequence of Lemmas B.13 and B.8. O

B.2 Type soundness

In this section, we prove the soundness of the type system: well-typed expressions do not “go wrong”. We
proceed in two steps, commonly known as the subject reduction and progress theorems:

e Subject reduction: a well-typed expression keeps being well-typed during reduction.

e Progress: a well-typed expression can not be “stuck” (i.e., a well-typed expression which is not value
can be reduced).

Theorem B.15 (Subject reduction). Let e be an expression and t a type. If A;T' e : t and e ~~ €/, then
A THe ¢

Proof. By induction on the derivation of A ;T" I~ e : t. We proceed by a case analysis on the last rule used
in the derivation of A;T'F e : ¢.

(const): the expression e is a constant. It cannot be reduced. Thus the result follows.

(var): similar to the (const) case.

(pair): e = (e1,e2),t =t1 X to. Wehave A ;T' I ¢; : t; for i = 1..2. There are two ways to reduce e, that
is
(1) (61,62/) ~ (el,e2): by induction, we have A;T" ¢} : ti. Then the rule (pair) gives us
A;F - (61,62) ct1 X ta.
(2) The case (e1, e2) ~ (e1, e3) is treated similarly.

(proj): e = mi(eo), t = ti, AjT Foeg : t1 X to.

1) ep ~ eh: € = mi(ep). By induction, we have A ;T" - ef : t1 X to. Then the rule (proj) gives us
y ]) 8

AT Fe :t;.
(2) eo = (v1,v2): € = v;. By Lemma B.3, we get A;T ¢’ : ¢;.

(appl): e =e1ea, A;T'Fer:t—sand A;T'Feq:t.
(1) e1 e2 ~ €] ez or e1 ez ~ €1 e: similar to the case of (pair).
(2) er = ASSI T o, e = va, @ = (e0@lojljer){v2fa} and P = {j € J|3i €
I. A;T' & vy @ tioj}: by Lemma B.3, we have A\, ; c;tio; — sio; < t — s. From the
subtyping for arrow types we deduce that t < \/,_ 1.je tio; and that for any‘ npn-empty set P C
I x Jift ﬁ v(i,j)EIXJ\Ptin’ then /\(iyj)epsiaj < s. Let Py = {(7,,]) ‘ AT F v
tioj}. Since A;I' = w2 @ tand ¢t < \/, ;. ;tio;, Po is non-empty. Also notice that ¢ £
Viijyerx.ap, tios, since otherwise there would exist some (i,j) ¢ Po such that AT F vz : tio;.
As a consequence, we get /\( i.jyep, 105 < 8. Moreover, since e; is well-typed under A and T, there
exists an instance of the rule (abstr) which infers a type A, jestio; — sio; for e1 under A and
I and whose premise is A";T, (x : t;0;) + eo@[o;] : s;o; foralli € I and j € J, where
A= AU var(Aier jestioj — sio;). By Lemma B.13, we get A /\(Z.J.)EP(J (T, (z : tioy)) +
eo@lojlier, + N jyep, 8i0i- Since I', (z 2 N syep, tioi) = N jyep, (I (@ @ tioj)), then from
Lemma B.8 we have A";T, (x : Niijyer, tioi) B eo@lojljep, - /\(i,j)ePo_ 8i0 and a fortiori
AT (2 N jyep, tioi) - eo@lojliery © A¢i jyep, Si0;- Furthermore, by definition of P and the
admissibility of the intersection introduction (Lemma B.2) we have that A;T" F vy = A (i.7)€Po tio;.
Thus by Lemma B.6, we get A; T ¢ : /\(m)ep0 s;0;. Finally, by (subsum), we obtain A;T ¢’ : s
as expected.




Aicptiorss
(abstr): e = A i&1Ti %
_— [Ug]jeJ

(case): e = ep€Es?e : ea.
(1) eg ~ ej or e1 ~ €] or ea ~ e5: similar to the case of (pair).
(2) e0 = vo and - eg : s: we have ¢’ = e;. The typing rule gives us A;T' = eq : ¢, thus the result
follows.
(3) otherwise (eo = vo): we have €’ = eo. Similar to the above case.

(inst): e = eifo], A;T F er : s, 0 Aand e ~ e1@[o]. By applying Lemma B.11, we get
A;TF ei1Qo] : so.

(inter): e = e1[o;]jes, AT F erfoj]jes + \jc ti and e ~ e1@o;];e,. By applying Corollary B.12,
we get AT H 61@[Uj]jej : /\jGJ tj.

(subsum): there exists a type s suchthat A;T' - e : s < tand e ~ ¢’. By induction, we have A ;T - ¢’ : s,
then by subsumption we get A;T' ¢’ : t.

x.eo. It cannot be reduced. Thus the result follows.

O

Theorem B.16 (Progress). Let e be a well-typed closed expression, that is, - e : t for some t. If e is not a
value, then there exists an expression e’ such that e ~ €.

Proof. By induction on the derivation of |- e : . We proceed by a case analysis of the last rule used in the
derivation of - e : ¢.

(const): immediate since a constant is a value.

(var): impossible since a variable cannot be well-typed in an empty environment.

(pair): e = (e1,e2),t =t1 X to,and - e; : t; for i = 1..2. If one of the e; can be reduced, then e can also
be reduced. Otherwise, by induction, both e; and e are values, and so is e.

(proj): e = mi(eo), t = t;, and - eg : t1 X to. If e can be reduced to e, then e ~ m;(ep). Otherwise, eg
is a value. By Lemma B.3, we get eg = (v1,v2), and thus e ~ v;.

(appl): e = e1 e2, - e1 :t — sand - e : t. If one of the e; can be reduced, then e can also be reduced.
Otherwise, by induction, both e; and ex are values. By Lemma B.3, we get e; = )‘[Aaf]j Z‘f“
such that A r.jes tioj — sio; < t — s. By the definition of subtyping for arrow types, we have
t < V,erjestios. Moreover, as b= ez : t, theset P = {j € J|[3i € I. I ez : t;0;} is non-empty.
Then e ~ (e0@[o;] e P){€%/z}

(abstr): the expression e is an abstraction which is well-typed under the empty environment. It is thus a
value.

(case): e = ep€s 7 ey : ea. If eg can be reduced, then e can also be reduced. Otherwise, by induction, eg is
avalue v. If - v : s, then we have e ~» e;1. Otherwise, e ~~ ea.

(inst): e = e1[0],t = so and - e; : 5. Then e ~» e1@Jo].

(inter): e = e1[oj]jes, t = \jc tj and F erfo;] : t; forall j € J. Itis clear that e ~~ e1@[o;]je .

(subsum): straightforward application of the induction hypothesis.

X.€o

We now conclude that the type system is type sound.

Corollary B.17 (Type soundness). Let e be a well-typed closed expression, that is, - e : t for some t. Then
either e diverges or it returns a value of type t.

Proof. Consequence of Theorems B.16 and B.15. O

B.3 Expressing intersection types

We now prove that the calculus with explicit substitutions is able to derive the same typings as the
Barendregt, Coppo, Dezani (BCD) intersection type system [1] without the universal type w. We remind
the BCD types (a strict subset of .7), the BCD typing rules (without w) and subtyping relation in Figure 5,
where we use m to range over pure A-calculus expressions. To make the correspondence between the
systems easier, we adopt a n-ary version of the intersection typing rule. Henceforth, we use D to range
over BCD typing derivations. We first remark that the BCD subtyping relation is included in the one of this
work.

Lemma B.18. Iftl <pcp to then t1 < to.

Proof. All the BCD subtyping rules are admissible in [11] and, a fortiori, in our type system. O



Types:
t o= alt—=t|tAtL
Typing rules:
F"BCD’ITthl—)tQ F}—mgztl
———— (BCDvar BCD a
I bFpep z: T(x) ( ) I Fgep ma1 ma @ to ( Pp)
Tzt + m:t '+ m: t; ;
LB T 2 (BCD abstr) P €T (BCD inter)
P"BCD)\a?.m:t1—)t2 F}_Ba)m:/\ti |‘>
el
I'Fpep m ot by t1 <pcp t2
= BCD sub
TFm:t (BCD sub)
Subtyping relation:
t <pept t <pecp t Nt t1 A t2 <pcp t1 (t1 = t2) A (t1 — t3) <pep t1 — (t2 At3)
t1 <pcp t2 ta <pcp t3 t1 <pcp t3 ta <pcp ta t3 <pcp t1 ta <pcp ta
t1 <pcp t3 t1 Nta <pcp t3 Nis t1 — t2 <pcp t3 — ta
Figure 5. The BCD type system

In this subsection, we restrict the grammar of expressions with explicit substitutions to

/\iEISz'—Hfix.e 2D

ex=xl|ee| )\[Jj]jeJ

and we write [e] for the pure A-calculus expression obtained by removing all types references (i.e.,
interfaces and decorations) from e. Given a pure A-calculus expression m and a derivation of a judgement
I’ bFgep m : t, we build an expression e such that [e] = m and A;T" - e : ¢ for some set A of type
variables. With the restricted grammar of (21), the intersection typing rule is used only in conjunction with
the abstraction typing rule. We prove that it is possible to put a similar restriction on derivations of BCD
typing judgements.

Definition B.19. Let D be a BCD typing derivation. We say D is in intersection-abstraction normal form
if (BCD inter) is used only immediately after (BCD abstr) in D, that is to say, all uses of (BCD inter) in D
are of the form

D;
F,m : ti l_BCD m . S;
I'Fgep Azom : t; — s
I Fgep Azom: /\ ti — S;
iel

Definition B.20. Let D be a (BCD) typing derivation. We define the size of D, denoted by |D|, as the
number of rules used in D.

1€l

We prove that any BCD typing judgement can be proved with a derivation in intersection-abstraction
normal form.

Lemma B.21. If ' Fgep m : t, then there exists a derivation in intersection-abstraction normal form
proving this judgement.

Proof. Let D be the derivation proving I" Fgcp m : t. We proceed by induction on the size of D. If |D| = 1
then the rule (BCD var) has been used, and D is in intersection-abstraction normal form. Otherwise, assume
that | D| > 1. We proceed by case analysis on the last rule used in D.

(BCD sub): D ends with (BCD sub):
D t<t

D=— =
FI—BcDm:t



where D' proves a judgement I' Fpcp m : t'. By the induction hypothesis, there exists a derivation D"’
in intersection-abstraction normal form which proves the same judgement as D’. Then
D" <t
I '_BCD m:t
is in intersection-abstraction normal form and proves the same judgement as D.
(BCD abstr): similar to the case of (BCD sub).
(BCD app): similar to the case of (BCD sub).
(BCD inter): D ends with (BCD inter):

D;
1€l

D=— "
F"B(;Dmit

where each D; proves a judgement T Fpcp m : t; and t = A, t;. We distinguish several cases.
If one of the derivations ends with (BCD sub), there exists ig € I such that

D; tiy < tio

i

D;, =
0 I l_BCD m : tio
The derivation
D; D;
D = ’ o —ie I\ {io}
I'Fgep m: /\ ti A\ tio
i€I\{io}

is smaller than D, so by the induction hypothesis, there exists D" in intersection-abstraction normal
form which proves the same judgement as D’. Then the derivation

D" /\ ti Atiy <scp /\ t;
ieI\{io} iel
T |_BCD m:t

is in intersection-abstraction normal form, and proves the same judgement as D.
If one of the derivations ends with (BCD inter), there exists i9 € I such that

_ Dj.iq
r l_BCD m: /\ tjﬂ‘o

JjedJ

jeJd

0

with i, = A\ ; ti.io- The derivation
D = D; Djiy ic I\ {io}
T |_BCD m:t ] cJ
is smaller than D, so by the induction hypothesis, there exists D" in intersection-abstraction normal
form which proves the same judgement as D’, which is the same as the judgement of D.
If all the derivations are uses of (BCD var), then for all 7 € I, we have
Di= ———
Iy l_BCD X F(l‘)

which implies ¢ = A, ., T'(x) and m = 2. Then the derivation

T '_BCD X : F(x) F(I) SBCD t
T |_BCD x:t

is in intersection-abstraction normal form and proves the same judgement as D.
If all the derivations end with (BCD app), then for all ¢ € I, we have

D; D}

Di= "t
T }_BCD mi1 ma ti

where m = m1 mao, Dil proves I' Fgep ma @ s; — t;, and D? proves I' Fgep mo @ s; for some s;.
Let
D; . D} .
= =i Dy=—————1€1
Fl—BCDmli/\Si—>t¢ F"BCDmQZ/\Si

i€l i€l

D

Both D; and Dy are smaller than D, so by the induction hypothesis, there exist D7, D5 in
intersection-abstraction normal form which prove the same judgements as D, and D3 respectively.



Then the derivation
D /\Si—>ti SBCD(ASi)%(/\ti)
iel iel icl
Fl—BCDmlt(/\Si)%(/\ti) ,
iel il D,
'+ m1 mo : t

is in intersection-abstraction normal form and proves the same derivation as D.
If all the derivations end with (BCD abstr), then for all ¢ € I, we have

_ D
N I }_BCD /\x.m/ : ti

withm = Az.m/. Foralli € I, Dj is smaller than D, so by induction there exists D;’ in intersection-
abstraction normal form which proves the same judgement as Dj. Then the derivation

D!
K2
I '_BC[) )\a:.m/ : ti .
- el
I }_BCD Ax.m’ /\ t;
iel
is in intersection-abstraction normal form, and proves the same judgement as D.

D; (BCD abstr)

O

We now sketch the principles behind the construction of e from D in intersection-abstraction normal
form. If D proves a judgement I' Fzcp Ax.m : t — s, without any top-level intersection, then we simply
put ¢ — s in the interface of the corresponding expression A~ *x.e.

For a judgement T' Fpcp Az.m @ A, i — s;, we build an expression )\‘[’(‘:];6 x.e where each o;
corresponds to the derivation which types Az.m with t; — s;. For example, let m = Af.\z.f x, and
consider the judgement Fgcp m : ((t1 — t2) — t1 — t2) A ((s1 — s2) — s1 — s2). We first
annotate each abstraction in m with types oi; — [3;, where «;, B; are fresh, distinct variables, giving us
e = \N17Pf 2= B24 2 Comparing A*2 7522, f & to the judgement f : t1 — to Faep Ao f i t1 —
ta and e to Fpep m : (t1 — t2) — t1 — ta, we compute o1 = {t1 = 2/n, 01 = 125, t1/n,, t2/3,}. We
compute similarly o2 from the derivation of Fzcp m @ (s1 — s2) — s1 — s2, and we obtain finally

[ )\[O;lljf’(z]lf.)\a2ﬂ'82w.f x: ((t1 — tz) —t — tz) A ((81 — 82) — S1 — 82)

as wished.

The problem becomes more complex when we have nested uses of the intersection typing rule. For
example, let m = Af.Ag.g (Az.f (A\y.z y)) and consider the judgement Fgep m : (ty — t; —
ta) A\ (sy — sg — s7) with

tf = (tl —)tz) — i3

tg = tf — 4

Sf = ((81 — 82) — 83) AN ((84 — 85) — 86)

Sg = Sf — 87
Notice that, to derive Fpep m : sy — s4 — s7, we have to prove f : sf,g : g Fpep Ax.f (Ay.xzy) :
sy, which requires the (BCD inter) rule. As before, we annotate m with fresh interfaces, obtaining
Ne1=B1p yaa=B2 g g (N3 Bag f (X\*a=Bay 4 q))). Because the intersection typing rule is used twice

(once to type m, and once to type m’ = Az.f (Ay.z y)), we want to compute four substitutions
01,02,03,04 to obtain a decorated expression Xﬁ;fgi]l fa2=P244 ()\ﬁf’atif’m.f (A1 7By ).

The difficult part is in computing o3 and o4; in one case (corresponding to the branch Fgcp m
ty — tg — ta), we want o3 = o4 = {t1 = t2/45,13/35,t1/0,,t2/3,} to obtain f : ty,g : ty F
)\[o(‘fg—;i]%f (A\*47Pay ) : t¢, and in the other case (corresponding to the derivation Fgcp m : 55 —
Sg — S7), we want 03 = {51 = 52/n5,53/8,, 51/, 52/8, } and o4 = {54 = $5/n3, 56/83, S4/as, 55/84 } 1O
obtain f : s5,g : sg b )\‘[ffst’szf (X*17B1y ) : 5. To resolve this issue, we use intermediate fresh
variables o, 3%, o4, B4 and o, 3%, oy, B4 in the definition of o3 and 4. We define

o1 :{tf/oqa tg - t4/617 tg/Oé27 t4/ﬂ27 tl - t2/0£é7 tg/ﬂév tl/(lip tQ/Biv
b= tafay, t3/py, Wy, B2y}

g2 :{sf/a17 59 = s7/ﬁ17 sQ/Oézv 87/52’ 51— 82/0457 83/,3:/)), 31/04517 52/5217
Sq4 — 85/ag7 86/6;,),,7 84/()47 85/,32}

o3 :{ag/agz 6é/ﬁ37 aﬁl/oup 6‘/1/@1}

04 :{ag/()t37 6é//ﬁ37 QZ Qa4 ‘B‘/l//ﬂzl}



Because the substitutions compose themselves, we obtain
b A8 g ya2=B2 g g ()\D“”’Hﬁg’x,f ()\a“ﬁg“y.m Y)): (tf = tg = ta) A (s5 — sg — $7)

[o1,02] [03,04]
as wished.

In the next lemma, given n derivations D1, ..., D, in intersection-abstraction normal form for a same
expression m, we construct an expression e containing fresh interfaces and decorations with fresh variables
if needed (as explained in the above example) and n substitutions o1, . . . , oy, corresponding to D1, ..., Dy.
Let var(D1, ..., Dy) denote the set of type variables occurring in the types in D1, ..., Dx.

Lemma B.22. Let m be a pure \-calculus expression, A be a set of type variables, and D1, ..., D, be
derivations in intersection-abstraction normal form such that D; proves I'; Fgep m : t; for all i. Let A’
be a set of type variables such that var(D1,...,D,) C A’ There exist e, 01, . . .,0n such that [e] =m,
dom(o1) = ... =dom(o,) C tv(e), tve) N (AUA") =0, and A';T; - eQlo;] : t; for all i.

Proof. We proceed by induction on the sum of the size of D1, ..., D,. If this sum is equal to n, then each
D; is a use of the (BCD var) rule, and we have m = z for some x. Let e = x and o; be the identity; we can
then easily check that the result holds. Otherwise, assume this sum is strictly greater than n. We proceed by
case analysison D1,..., D,.

Case 1: If one of the derivations ends with (BCD sub), there exists i such that

D — D;, tio <scp tig
0 Fio '_BCD m tio
Clearly, the sum of the size of Dq,..., D;m ..., Dy is smaller than that of D;,...,D,, and
var(D1, ..., Dj,,...,Dn) C A’. So by the induction hypothesis, we have
Jde,01,...,0n. [e]=m
and dom(o1) = ... =dom(o,) C tv(e)

andtv(e) N(AUA") =0
and Vi € {1, ey TL} \ {lo} A’ Iy F e@[ai] :t
and A Ty, F e@[oy,] : 8,
Since t;, <gcp tiy, by Lemma B.18, we have ¢;, < #;,. Therefore A" ;T';, - e@[o,] : ¢, holds, and
for all 4, we have A’; T'; I e@[o;] : t; as wished.
Case 2: If all the derivations end with (BCD app), then we have m = m1 me, and for all ¢
D} D?

D; =
T Tikgepmima:t

where Dil proves I'; Fgep ma @ s; — t; and Df proves I'; Fgep mo @ s; for some s;. Applying the
induction hypothesis on D1, ..., D} (with A and A’), we have
Je1,01,...,00L. [e]1 = ma
and dom(o1) = ... = dom(o;) C tv(er)
andtv(er) N (AUA") =0
andVi € {1,...,n}. A";T; - e1@Q[o}] : 8, — t;.
Similarly, by induction on D%, ..., D2 (with A Utv(e1) and A),
Jes,0f,...,02.  [e]a =ma
and dom(cf) = ... = dom(c2) C tv(ez)
and tv(e2) N (AUtv(er) UA") =10
andVi € {1,...,n}. A";T; F e2Q[0?] : s;.
From tv(e2) N (A Utv(e1) UA’) = 0, we deduce tv(e1) Ntv(e2) = 0. Leti € {1,...,n}. Because
dom(a}) C tv(er) and dom(c?) C tv(ez), we have dom(o}) Ndom(a?) = @, dom(a}) Ntv(ez) = 0,
and dom(o?) N tv(e1) = (). Consequently, by Lemma B.9, we have A"; T'; - e1@Q[o} Uo?] : si — t;
and A";T; F e2@[o] U o?] : s;. Therefore, we have A"; T; F (e1 e2)@[o} U o7] : t;. So we have the
required result with e = e; ez and 0; = o} U o2,
Case 3: If all the derivations end with (BCD abstr), then m = Axz.m;, and for all 4,
D;

Di= '
Fil—BcDm:ti

where D] proves I's,  : t} Fpep mq : t2 and t; = t; — t2. By the induction hypothesis,
de1,00,...,0n.  [e]1 =m
and dom(o}) = ... = dom(o},) C tv(e1)
andtv(e1) N (AUA) =10
andVi € {1,...,n}. AT,z : tF - e1@Q[o]] : 3.
Let o, 3 be two fresh type variables. So {a, 8} N (A U A") = 0 and {a, B} N tv(er)

= 0.
Take ¢ € {1,...,n}. Let 0y = {t%/a,t%/g} Uol, and e = A*7Pz.e;. We have dom(o;) =



{a, B} Udom(o;) C {a, B} Utv(e1) = tv(e). Besides, we have tv(e) N (A U A") = (). Because
tv(e1) N {a, B} = 0, we have dom(c}) N {a, B} = B, and A’ ; T,z : t} F e1@[o;] : t7 by Lemma
B.9, which is equivalent to A’ ; I';, x : ao; F e1@[o;] : Bo;. Because A’ Uvar(t; — t?) = A’, by the
abstraction rule, we have A" ;T'; - X[f:]ﬁa:.el sty he, ATy (A7 .e1)@[oy] : t;. Therefore, we
have the required result.

Case 4: If one of the derivations ends with (BCD inter), then m = Ax.m;. The derivations end with either
(BCD inter) or (BCD abstr) (we omit the already treated case of (BCD sub)). For simplicity, we suppose
they all end with (BCD inter), as it is the same if some of them end with (BCD abstr) (note that Case 3
is a special case of Case 4). For all ¢, we have

D’

7

I'i Fgep me: S{ — tz

Fil—gcpm: /\ SZ —)tf
J€J;

j€J;

1

where Df proves I';, x : sZ Feep ma : tz forall j € J; and t; = /\jEJi sf — t{ for all 7. By the

induction hypothesis on the sequence of Df ,
3e1, (0])jens s (0h)jer,. el =m _ _ _
and V4,4', j, j'. dom(c7) = dom(o?, ) and dom(c7) C tv(e1)
andtv(er) N (AUA") =90 o
and Vi, j. A"; T,z : 87 F e1@[o?] : ¢,
Let p = mawieq1,. ny{|Ji|}. For all i, we complete the sequence of substitutions (o7) so that it
contains exactly p elements, by repeating the last one p — |.J;| times, and we number them from 1 to
p. All the o7 have the same domain (included in tv(e1)), that we number from 1 to ¢q. Then o] =

be fresh pairwise distinct variables (which do not occur in A U A’ U tv(ey)). Forall j € {1,...,p},
i €{1,...,n}, we define:

0j = U {ajvk/ak} U {Oéj,o/a,ﬁj,O/ﬁ}
ke{l,....q}

a—f3

losljeq1,....p}

i = U i, 30 U a0 B0}

e= A\ T.e1

J€{1,....p},k€{1,....q} Jj€{1,...,p}
For all 4, j, k, we have by construction (a0;)o; = axo?, (aoj)o; = s, and (Boj)o; = t). Moreover,
since

tv(e) = tv(e1Q@lojlieqr,...p3) UUjequ,. py var((a = B)oj)

= (tv(er))|ojljeqn,...py U{aj0, 850} jeq1....p)

D (dom(o?))[ojljeq1,...py YU{j0,Bi0}ieqr,...p}

= ({ortreqr,..ap)loslieqr,..op U{s0, Biotieqs, ..}

= Aajk, Birtieft,...pke{l,....ay Y {0, B0} ieq1,...p)
and

tv(e) (tv(er)[oslietr,...py U{0, B0} jetr....py

N

tv(er) U eqr, . py tvran(o;) U{aj0, Biotieqn,... p)

tv(er) Uy, Biktieln, .oy keft,....ar U{as0, Biotje(r, ..o}

we have dom(o;) C tv(e) and tv(e)N(AUA’) = (. Because A’ ; T,z : s} F e1@[07] : t, by Lemma
B.9,wehave A’ ; T,z : )  e1@[o;00,] : t, whichis equivalentto A’ ; Ty, z : a(oi00;) - e1@[o;0
o] : B(oioo;) foralls, j. Since A"UY 0 var(s! — tJ) = A’, for a given 4, by the abstraction
ﬁ;:f,j]je{l ))))) e /\je{l,u.,p} sl =t < /\jeJi sl =t =t

This is equivalent to A ; T'; - A> 7 x.e1Q[o;] : t;, hence A" ;T; - e@[o;] : ¢; holds for all 7,

lojljeqr.....p}

el ..,
typing rule we have A’ ;T; = \

as wished.

O

We are now ready to prove the main result of this subsection.

Theorem B.23. IfT" Fpcp m : t, then there exist e, A such that A;T' - e : t and [e] = m.

Proof. By Lemma B.21, there exists D in intersection-abstraction normal form such that D proves I' Fgcp
m : t. Let A be a set of type variables such that var(D) C A. We prove by induction on |D| that there
exists e such that A ;' e : t and [e] = m.

Case (BCD var): The expression m is a variable and the result holds with e = m.



Case (BCD sub): We have
D’ t' <pep t
I '_BCD m:t

where D’ in intersection-abstraction normal form and proves I' Fgcp m : t'. Clearly we have | D’| < |D|
and var(D') C A, so by the induction hypothesis, there exists e such that [e] = mand A;T e : ¢
By Lemma B.18, we have t’ < ¢, therefore we have A ;T' I e : t, as wished.

Case (BCD app): We have

D=

Dy Dy

- T |_BCD m:t
where D1 proves I' Fgep m1 : s — t, Do proves I' Fpep mo @ s, m = mi me, and both D,
and D, are in intersection-abstraction normal form. Since |D;| < |D| and var(D;) C A, by the
induction hypothesis, there exist e; and e such that [e;] = mq, [e2] = m2, A;T'F e : s — ¢, and
A;T F ez : s. Consequently we have A ;T k- e1 e : t, with [e1 e2] = m1 ma, as wished.

Case (BCD abstr) (or (BCD inter)): Because D is in intersection-abstraction normal form, we have

D

D;
D= FFBCD)\I.m/:Si—)tiZ‘GI
I '_BCD m:t
where each D; is in intersection-abstraction normal form and proves ',z : s; bgep m' @ &,
t = Niersi — ti, and m = Az.m/. Since |J,,var(D;) € A, by Lemma B.22, there exist ¢,
o1,...,0pn such that [¢'] = m/, dom(o1) = ... = dom(c,) C tv(e’), and AT,z : s; +

€'@[oy] : t; for all ¢ € I. Let o, B be two fresh type variables. We define o = o3 U {5i/a, ti/g}
for all 7 € I. Because dom(a;) N {a, 8} = 0 and tv(e’) N {a, 8} = 0, by Lemma B.9 we have
AT,z : s; = €@[o}] : t;, which is equivalent to A;T,x : ao; F €'Q[o}] : Boj. Note that
A Uvar(A;c (o — B)oi) = AUvar(\,c; 80 — ti) = A by definition of A, so by rule (abstr),
we have A ;T )\F;Z]'f;x.e/ : N\;es 8i — ti. Hence we have the required result with e = )\Faailm.e/.

O

B.4 Elimination of sets of type-substitutions

In this section we prove that the expressions of the form e[o;],c are redundant insofar as their presence in
the calculus does not increase its expressive power. For that we consider a subcalculus, called normalized
calculus, in which sets of type-substitutions appear only in decorations.

Definition B.24. A normalized expression e is an expression without any subterm of the form e[c;] e,
i.e., an expression respecting the following grammar:
Nig

5, —t;
Pi7hze | eetreze

ex=c| x| (ee) | mie) | ee | )\[Uj]jeJ

The set of all normalized expressions is denoted as &N .
We then define an embedding of the full calculus into this subcalculus as follows:

Definition B.25. The embedding emd(.) is mapping from & to & defined as
emd(c) = ¢
emd(z) = x
emd((e1, e2)) (emd(e1), emd(e2))
emd(m;(e)) = mi(emd(e))
emd()\/\ieﬂiﬁsix e Nierti—s;
lojlier :

) o x.emd(e)
jljeJ
emd(eire2) = emd(e1)emd(e2)
emd(ect?e; : e2) = emd(e)€t ? emd(eyr) : emd(e2)
emd(elojljes) = emd(eQlo;]jer)

We want to prove that the subcalculus has the same expressive power as the full calculus, namely, given
an expression and its embedding, they reduce to the same value. We proceed in several steps, using auxiliary
lemmas.

First we show that the embedding preserves values.

Lemma B.26. Let v € ¥ be a value. Then emd(v) € V.
Proof. Straightforward. O

Then we prove that values and their embeddings have the same types.

Lemma B.27. Letv € ¥ be a value. Thent- v : t <= F emd(v) : t.



Proof. By induction and case analysis on v (note that emd(.) does not change the types in the interfaces).
O

We now want to prove the embedding preserves reduction, that is if an expression e reduces to ¢’ in
the full calculus, then its embedding emd(e) reduces to emd(e’) in the subcalculus. Before that we show a
substitution lemma.

Lemma B.28. Let e be an expression, x an expression variable and v a value. Then emd(e{V/;}) =
emd(e){emd(v)/,.}.

Proof. By induction and case analysis on e.

c:

emd(c{v/z}) = emd(c)

2{emd(v)/x}
emd(c){emd(v)/,}

2

emd(y{vfx}) = emd(y)

y
y{emd(v)/;}
emd(y){emd(v)/, }

3

emd(z{v/z}) emd(v)
e{end(),}

emd(x){emd(v)/,}

(61,62):

emd((er, e2){¥z}) = emd((e1{V/x}, e2{V/z}))
emd(e1{V/z}), emd(e2{V/x}))

(
(

( dee Y{emd(v)/,}, emd(e2){emd(v)/;,})  (by induction)
(

—

(emd(e1), emd(e2)){emd(v)/,}
emd((e1, e2)){emd(v)/;}

emd(mi(e"){V/z}) =  emd(mi(e'{V/}))

mi(emd(e'{Y/z}))
7i(emd(e’){emd(v)/;})  (by induction)
ma(emd(¢')) {emd(v) )
emd(m;(e)){emd(v)/, }

’

€e1€e2.

emd((ere2){V/z}) = emd((e1{V/x})(e2{V/z}))

emd(e1{V/z})emd(e2{v/x})
(emd(eq){emd(v)/})(emd(e2){emd(v)/;}) (by induction)
(emd(e1)emd(ez)){emd(v)/;;}

emd(61 62){emd(v)/$}

y.eo: using a-conversion, we can assume that tv(v) N, ; dom(o;) = 0.

Nierti—s;i
lojlier

emd()\ﬁjﬁjgjﬁy.eo{v/x})

= N yemd(eo ()

_ /\@i]fg];gfsiy'(emd(eo){emd(v)/x}) (by induction)
= (VST omd(eo)) {emd (v)y)

(emd(z\?ieltiﬂsiy.eo)){emd(v)/x}

ojlies

emd((A\ST 7y e0) (Y })

lojlies

egEt?ey :eas

emd((eo€t 7 e : e2){Vz})
emd((eo{/z})€t 7 (e1{V/z}) : (e2{Yx}))
emd(eo{V/z}) €t 7 emd(e1{V/z}) : emd(e2{V/x})

emd(eg){emd(v)/,} €t ? (emd(eq){emd(v)/;}) : (emd(ez){emd(v)/;}) (by induction)
(emd(eo)€t 7 emd(er) : emd(ez)){emd(v)/,}
emd(eo€t 7 ey : ex){emd(v)/;}



€'[oj]jes: using a-conversion, we can assume that tv(v) N U;e,dom(a;) =0

emd((€'[oj)jer){¥x}) = emd((¢{V/})[oj]ier)
= emd((e'{¥z})Q@[o;]e)
= emd((e'Q[o;]jcs){¥z}) (LemmaB.5)
= emd(e'Q[oj]jes){emd(v)/,} (by induction)
= emd(e'[oj]jes){emd(v)/}

Lemma B.29. Let e € & be an expression. If e ~ €', then emd(e) ~* emd(e’).

Proof. By induction and case analysis on e.

¢, x: irreducible.

(e1, e2): there are two ways to reduce e:
(1) e1 ~ €i. By induction, emd(e;) ~»* emd(e}). Then we have (emd(ei),emd(ez)) ~~
(emd(e}), emd(e2)), that is, emd((e1, e2)) ~* emd((e, e2)).
(2) e2 ~ e5. Similar to the subcase above.

m;(eo): there are two ways to reduce e:
(1) eo ~ €. By induction, emd(eo) ~* emd(ep). Then we have 7;(emd(eo)) ~* m;(emd(ey)), that
is, emd(m;(eq)) ~* emd(m;(eg)).
(2) eo = (vi,v2) and e ~» wv;. According to Lemma B.26, emd((v1,v2)) € V. Moreover,
emd((v1,v2)) = (emd(v1),emd(v2)). Therefore, m;(emd(v1), emd(v2)) ~» emd(v;), which is the
same as emd(m;(vi,v2)) ~ emd(v;).

e1ez: there are three ways to reduce e:
(1) e1 ~ €]. Similar to the case of (e1, e2).
(2) e2 ~~ e5. Similar to the case of (e1, e2).
(3) e = )\f;iﬁ;;ijsix.eo, es> = vp and e1en ~> (60@[0’j]jep){v2/x}, where P = {j eJ | Fel. +
va : ;05 }. According to Lemma B.27, we have - vs : t;0; <= F emd(v2) : t;0;, thus we have

{jeJ|Fel Femdvy): :tio;}={jeJ|F el Fuv:tio;}.
Therefore, emd(e1 )emd(v2) ~ emd(eo@[o;]jep){emd(v2)/,}. Moreover, by lemma B.28, we can get
emd(eo@Qloj]jep){emd(v2)/y} = emd(eoQ@lo;]je P{v2z}),

which proves this case.

f:je]l ::Six.eo: It cannot be reduced. Thus the result follows.
Ji

eo€tl 7 e1 : e there are three ways to reduce e:
(1) e; ~ €. Similar to the case of (e1, e2).
(2) eo0 = vo, - vo : t and e ~» ey. According to Lemmas B.26 and B.27, emd(vo) € ¥ and
F emd(vo) : t. So we have emd(vo) €t 7 emd(e1) : emd(ez2) ~ emd(eq).
(3) e0 = vo, ¥ vo : t and e ~> es. According to Lemmas B.26 and B.27, emd(vo) € ¥ and
¥ emd(vo) : t. Therefore, emd(vo)€t ? emd(e1) : emd(e2) ~ emd(e2).

eolojljes: e ~ eo@[oj]jcs. By Definition B.25, emd(eo[oj]jes) = emd(eo@[o;]jec.s). Therefore, the
result follows.

*

O

Although the embedding preserves the reduction, it does not indicate that an expression and its embed-
ding reduce to the same value. This is because that there may be some subterms of the form e[o;];e.s in the
body expression of an abstraction value. For example, the expression

()\Int—ﬂnt—)IntZ.)\Int—ﬂnty.((}\a—nxx.x) [{Int/a}}42))3

reduces to
AInt—)Inty.(()\aﬁax.x) [{Int/a}}42)7
while its embedding reduces to
AR (( [(1nty, y T-2)42).

However, the embedding of the value returned by an expression is the value returned by the embedding of
the expression. For instance, consider the example above again:

emd( NIy (A ) ({188 }]42)) = AT (A, @a)42)
Next, we want to prove an inversion of Lemma B.29, that is, if the embedding emd(e) of an expression

e reduces to €', then there exists ¢” such that its embedding is €’ and e reduces to e”. Prior to that we prove
two auxiliary lemmas: the inversions for values and for relabeled expressions.

Lemma B.30. Let e € & an expression. If emd(e) € V¥, then there exists a value v € ¥ such that
€ ~(rinsty U and emd(e) = emd(v). More specifically,



,ngt —s;

(1) ifemd(e) = c, then € ~>(gins ¢ and emd(e) = c.
) = x.eo, then there exists eq such that e ~{ping )\[U Sie x.e, and emd(ep) =

(2) lfemd( 7€It —Si
€o.
(3) if emd(e) = (v1, v2), then there exist vi,va such that € ~ gy (V1,v3) and emd(v,’-) = v;.

eJ

Proof. By induction and case analysis on emd(e).

¢: according to Definition B.25, e should be the form of [0}, ]j, €, - - - [Ojn]jnctn, Where n > 0. Clearly,
we have e ~= ;. ¢ and emd(e) = c.
f;’]e] 4 :751'1:.60: according to Definition B.25, e should be the form of
—dgel
Nierti—s; /
( [a]fjjoao z.€0)|ojiliren - [Oinlinen
where emd(e() = eo, [a]n}]nejn [Uﬂ]heh [Ti0)joeto = [0j]ies, and n > 0. Moreover, it

t, i t; i
is clear that e ~o ) A1 g ol Let v=A le’ % g.eh and the result follows.
(Rinst) [o' ] jeJ

(v1,v2): according to Deﬁmtlon B.25, e should be the form of (e1, €2)[0j, ey - - - [0, i e Where
emd(e;Q[oj,]j,e5,Q...Q[0j,]j,ecs,) = vi and n > 0. Moreover, it is easy to get that
€ (i (€1Q[05,]j1€1 @ .. Qloy, ]j,e0,,€2Q[05 )€, @ .. Qloy, ]je0,)
By induction on v;, there exists v; such that e;@[o,]je5, Q... Q[0 ]j,e0n ~{rinsy Ui and
emd(e;Q[oj, |j,€5, Q... Qo 5, e,) = emd(v;). Let v = (vy, v3). Then we have € ~(zins (V1,5)
and emd(v) = (emd(v}), emd(v3)) = (v1,v2) = emd(e). Therefore, the result follows.

O

Lemma B.31. Let ¢ € & be an expression and [0j]jc. a set of substitutions. If emd(eQ[o;]jc) ~ €,
then there exists €'’ such that eQ[o]c7 ~" € and emd(e") = €.

Proof. By induction and case analysis on e.

¢, x: straightforward.

(e1,€2): emd(e@Q[ojljes) = (emd(e1@[oj]jcs),emd(e2@[o;];c)). There are two ways to reduce
emd(eQ[o;]er):
(1) emd(e1@[oj]jes) ~» €}. By induction, there exists e such that e;@[o;];es ~1 ef and
(i) (en i sy ) < (e ealoshies)and
ent €1,€2R|05]5e7)) = (€1,emale2(0j|jeJ
(2) emd(e2@[o;];c7) ~ €5. Similar to the subcase above.

mi(eo): emd(eQ[oj]jcs) = mi(emd(eo@[o;] c.0)). There are two ways to reduce emd(eQ[o;]c7):
(1) emd(eo@[oj]jes) ~ ep. By induction, there exists ey such that eg@[o;]jes ~7T
emd(e{]) = ep. Then we have 7;(e0@[o;]jc5) ~T mi(ey) and emd(m;(ey)) = mi(eh).
(2) emd(e0@[oj]jes) = (v1,v2) and emd(e@[o;]jcs) ~ v;. According to Lemma B.30, there exist
v} and v5 such that eg@[o;]jes ~ (insy (v1,v%) and emd(v;) = v;. Then m;(e0@[o;]jes) ~T vj. The
result follows.

eires: emd(e@[oj]jcs) = emd(e1Q[oj]jcs)emd(e2Q[o;]jcs). There are three possible ways to reduce
emd(eQlo;]jc):
(1) emd(e1Q[oj]je5) ~ 61 Similar to the case of (e1, e2).
(2) emd(e2@[o;];c.7) ~ €5. Similar to the case of (e1, e2).

(

(3) emd(e1Qoj]jes) = Aﬁ:}jitg:six.eo, emd(e2Q[oj]jes) = v2 and

emd(eQlo;]jer) ~ (eo@[oklker){v2a},
where P = {k € K |3i € I. I vz : t;0}. According to Lemma B.30, we have (z) there exists e
such that e1@[o;]5e7 ~(Rins) Aﬁf}j;::s"w.e{) and emd(e()) = eo; and (i7) there exists v5 such that
€2Q[o;]jes ~(rinsy V2 and emd(vy) = v2. Moreover, by Lemma B.27, we get b va : tior, <=
F vy : tiog, thus {k € K| 3i € 1. Fws: tiop} =1{k € K|3i € I. - vy : tiog}
Therefore, eQ[o;]jes ~T (€4@[ok]kep){V2/x }. Finally, by lemma B.28, emd(e{@[o ke p{Va/z}) =
emd(e{))@[Uk]kep{eMd(Ué)/m} = 60@[0k]kep{v2/m}-

f:;;]; ’:;Sim.eo: It cannot be reduced. Thus the result follows.

eo€t 7 e : eat emd(eQoj]jes) = emd(eoQloj)jer)€Et ?emd(e1Qloj]jes) : emd(e2@[o;]jes). There
are three ways to reduce emd(e@[o;]jcs):
(1) emd(e;Q[oj]je.) ~ €. Similar to the case of (e1, €2).
(2) emd(e0Qloj]jc) = vo, b vo : t and emd(eQ[o]jcs) ~ emd(e1Q[o;];cs). According to Lemma
B.30, there exists vj such that eo@[o;]je.7 ~(rins Vo and emd(vy) = vo. Moreover, by Lemma B.27,
I ’U(l) . t. So 6@[0’j]j€J ~ 61@[0'j]jgj.
(3) emd(eo@[oj]jcs) = vo, ¥ vo : t and emd(eQ[o;];cs) ~ emd(e2@[o;]jc). Similar to the
subcase above.

ey and



eolok]ker: emd(eQlo;]cr) = emd(eo@([o}] e © [0k]kek)). By induction, the result follows.
O

+

Lemma B.32. Let e € & be an expression. If emd(e) ~ €', then there exists €'’ such that e ~% ¢" and

emd(e") = ¢€'.
Proof. By induction and case analysis on e.

¢, x: straightforward.
(e1,e2): emd(e) = (emd(el) emd(ez)). There are two ways to reduce emd(e):
(1) emd(el) ~+ €}. By induction, there exists e/ such that e; ~7 ¢ and emd(e!) = €}. Then we have
(e1,e2) ~71 (¥, 62) and emd((ef, e2)) = (e, emd(e2)).
(2) emd(e2) ~ e5. Similar to the subcase above.
mi(eo): emd(e) = m;(emd(eo)). There are two ways to reduce emd(e):
* ef and emd(efy) = ej. Then we have

(1) emd(eo) ~+ €(. By induction, there exists e(, such that eg ~
mi(eo) ~T mi(ey) and emd(mi(ef))) = mi(eg).
(2 emd(eo) = (v1,v2) and emd(e) ~ v;. According to Lemma B.30, there exist v] and v5 such that
€0 ~(rinsyy (V1,v5) and emd(v;) = v;. Then 7;(eo) ~* vj. The result follows.
eres: emd(e) = emd(e1)emd(eg). There are three ways to reduce emd(e):
(1) emd(e1) ~ el Similar to the case of (e1, e2).
(2) emd(ez) ~ 62 Similar to the case of (e1, e2).
(3) emd(e1) = ZE]I;?S’:K eo, emd(e2) = wvo and emd(e) ~ (eo@[o;]ep){v2/y}, where P =
{j € J|3i €l + vg:tio;}. According to Lemma B.30, we have (i) there exists ef, such that
€1 ~(Rinsi) ﬁj}j;:;six.eo and emd(ey) = eo; and (i7) there exists vh such that ez ~ (g, v2 and
emd(vy) = va2. Moreover, by Lemma B.27, we get - v : t;0; <= F vy : tioj, thus {j € J | Ji €
I. Fuv:tioj} ={je€J|Fiecl Fvh:to;} Therefore, e ~1 (e4@[o;]ep){Vs/z}. Finally, by
lemma B.28, emd (et @[] ;e p{Vs/z}) = emd(e})@[o;];cp{emd(v3)/p} = e0@[o;]je p{V2/z}.

f:;e]l :fsix.eo: It cannot be reduced. Thus the result follows.
Ji7

eo€t ey : ext emd(e) = emd(eo)€t ? emd(ey) : emd(e2). There are three ways to reduce emd(e):
(1) emd(e;) ~ €. Similar to the case of (e1, e2).
(2) emd(eo) = vo, F vo : t and emd(e) ~ emd(e1). According to Lemma B.30, there exists v such
that eg ~(gins) V0 and emd(vg) = vo. Moreover, by Lemma B.27, - vg : t. So € ~ e1.
(3) emd(eo) = vo,¥ vo : t and emd(e) ~» emd(e2). Similar to the subcase above.

eo[Uj]ng: emd(eo[aj]jeJ) = emd(eo@[aj]jej) and 60[0']']]‘6] ~ eo@[Uj]jgj. By Lemma B.3l, the
result follows.

O

Thus we have the following theorem
Theorem B.33. Let e € & be an expression.

(1) if e ~" v, then emd(e) ~~* emd(v).
(2) if emd(e) ~* v, then there exists v' € ¥ such that e ~* v' and emd(v') = v.

Proof. (1): By induction on the reduction and by Lemma B.29.

2): By induction on the reduction and by Lemma B.32.
y Yy
O

In addition, it is easy to prove that the subcalculus & is closed under the reduction rules, and we can
safely disregard (Rinst) since it cannot be applied. Then the normalized calculus also possess, for example,
the soundness property.

C. Algorithmic Type Checking

The typing rules provided in Section A.3 are not syntax-directed because of the presence of the subsumption
rule. In this section we present an equivalent type system with syntax-directed rules. In order to define it we
consider the rules of Section A.3. First, we merge the rules (inst) and (inter) into one rule (since we prove
that intersection is interesting only to merge different instances of a same type), and then we consider where
subsumption is used and whether it can be postponed by moving it down the derivation tree.



C.1 Merging Intersection and Instantiation

Intersection is used to merge different types derived for the same term. In this calculus, we can derive
different types for a term because of either subsumption or instantiation. However, the intersection of
different super-types can be obtained by subsumption itself (if ¢ < ¢; and ¢ < %o, then t < ¢ A t2),
so intersection is really useful only to merge different instances of a same type, as we can see with rule
(inter) in Figure 3. Note that all the subjects in the premise of (infer) share the same structure e[o], and
the typing derivations of these terms must end with either (inst) or (subsum). We show that we can in fact
postpone the uses of (subsum) after (inter), and we can therefore merge the rules (inst) and (inter) into one
rule (instinter) as follows:
A;Tke:t VjiedJojiA |J] >0

AT Fefojljer: /\ to;
jeJ
Let A; T F,, e : t denote the typing judgments derivable in the type system with the typing rule (instinter)
but not (inst) and (inter). The following theorem proves that the type system I, (m stands for “merged”) is
equivalent to the original one -.

(instinter)

Theorem C.1. Let ¢ be an expression. Then A;T' by, et <= A;T'Fe:t.

Proof. =: It is clear that (insr) is a special case of (instinter) where |J| = 1. We simulate each instance
of (instinter) where |J| > 1 by using several instances of (inst) followed by one instance of (inter). In
detail, consider the following derivation

AT Re it ot A

(instinter)
A’ ) '+ 6/[0']']]'€J : /\jEJ t/O']'
AT'kFe:t
We can rewrite this derivation as follows:

A/:l—\ll_el:t/ UluA, - A/;F’I—e’:t’ U|J\ﬁA/ -

A/ .1—\/ '_ e/[ . tl (Zns ) A/ .1—\/ }_ / Y (Zns )

) 0'1]. o1 ) 6[0’|J|].t0'|J| ('t )

inter

A ) '+ 6/[0']'}]'6(] : /\jEJ t,O']'

A;Tke:t
<«: The proof proceeds by induction and case analysis on the structure of e. For each case we use an
auxiliary internal induction on the typing derivation. We label E the main (external) induction and I the
internal induction in what follows.
e = c: the typing derivation A ;T" F e : ¢ should end with either (const) or (subsum). If the typing
derivation ends with (const), the result follows straightforward.
Otherwise, the typing derivation ends with an instance of (subsum):

A;TFe:s s<t
A Tke:t
Then by I-induction, we have A ;T I, e : s. Since s < t, by subsumption, we get A ;" b, e : ¢.
e = x: similar to the case of e = c.
e = (e1, e2): the typing derivation A ; T' F e : ¢ should end with either (pair) or (subsum). Assume that
the typing derivation ends with (pair):

A;FF612t1 A;erzitg( )
air
A;Fl—(el,eg)ttlxtz P
By E-induction, we have A ;T" b, e; : ¢;. Then the rule (pair) gives us A; I' b, (€1, e2) @ 1 X to.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e = m;(e’): the typing derivation A ;T F e : ¢ should end with either (proj) or (subsum). Assume that
the typing derivation ends with (proj):

(subsum)

A;Fl—e/ : (t1 ><t2)
AT Em(e): ¢
By E-induction, we have A ;T b, € : (t1 X t2). Then the rule (proj) givesus A ;T b, m;(€’) : ¢
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

(proj)



e = ejea: the typing derivation A ;T - e : ¢ should end with either (appl) or (subsum). Assume that
the typing derivation ends with (appl):
A Tkep:t; =t A Tkes:t1
A ) 'k eles:ts
By E-induction, we have A ;" -, e1 : t1 — t2 and A ;" I, ez : t1. Then the rule (appl) gives
us A; '+, eres : to.

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

Merti=Sig of: the typing derivation A ;T - e : ¢ should end with either (abstr) or (subsum).

(appl)

e =
lojljer

Assume that the typing derivation ends with (abstr):

Viel,jeJ AT, (z:to;)F Qo] : si0;
A/ =A Uvar(/\ieI’jEJ(tioj — sicrj))

e T T—— (abstr)
T+ A[Uj]jEJ z.e : /\iel’jeJ(tiU‘j — $i05)
By E-induction, for all i € I and j € J, we have A"; T, (z : t;0;) Fm € @[o;] : s;0;. Then the

; . Nierti=si ., 1. o e
rule (abstr) gives us A ;T -, )‘[;j]jy z.e't Nicpjes(tios — sioj).

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e =¢€'Ct7e; : ex: the typing derivation A ;T F e : t should end with either (case) or (subsum).
Assume that the typing derivation ends with (case):
t'f—'t = A;T'kei:s
A:THe ¢t .
Lt = A:Tles:s
A;TH (e'et?er:e2): s
By E-induction, we have A ;T b, €’ : ¢ and A ;T b, e; : s (for i such that e; has been effectively
type-checked). Then the rule (case) gives us A ; Ty, F (e'Gt 7e1: 62) . 8.

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = ¢€[o]: the typing derivation A ;T F e : t should end with either (inst) or (subsun). Assume that
the typing derivation ends with (insf):

(case)

ATHe 't ofA
A;TFéo]:to

By E-induction, we have A ;T F,, €' : t. Since o § A, applying (instinter) where |J| = 1, we get
ATk, €o] : to.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = €'[oj]je: the typing derivation A ;T F e : ¢ should end with either (inter) or (subsum). Assume
that the typing derivation ends with (inter):

(inst)

VieJATEHeoj]:t; |J>1
AT H e/[dj}jg(] : /\jeth
As an intermediary result, we first prove that the derivation can be rewritten as

(inter)

A;Tke s o fA |
. , (inst)
Vied A;Tkeloj]:so; .
- ; (inter)
A,F}—e[dj]je‘]t/\jeJSUj /\jEJSUjS/\jEth
A ) 'k e/[dj}je] : /\jeth
We proceed by induction on the original derivation. It is clear that each sub-derivation A ;" -

€'lo;j] : t; ends with either (inst) or (subsum). If all the sub-derivations end with an instance of
(inst), then for all j € J, we have

(subsum)

A;F}—e’:sj O'jﬁA
A;F}—BI[U]']ZS]'U]'
By Lemma B.2, we have AT + €' : A, ;s;. Let s = A;_;s;. Then by (inst), we get

AT + €'[o;] : so;. Finally, by (inter) and (subsum), the intermediary result holds. Otherwise,
there is at least one of the sub-derivations ends with an instance of (subsum), the intermediary result

(inst)



also hold by induction.

Now that the intermediary result is proved, we go back to the proof of the lemma. By E-induction
one (ie, A;T e :s), wehave A;T F,, € : s. Since o # A, applying (instinter), we get
AT b €llojljer o \,cy s0;. Finally, by subsumption, we get AT b, €'[0]jer 0 A\t
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the

result follows by I-induction.
O

From now on we will use I to denote |-,,, that is the system with the merged rule.

C.2 Algorithmic Typing Rules

In this section, we analyze the typing derivations produced by the rules of Section A.3 to see where
subsumption is needed and where it can be pushed down the derivation tree. We need first some preliminary
definitions and decomposition results about pair and function types to deal with the projection and
application rules.
C.2.1 Pair types

A type s is a pair type if s < 1 x 1. If an expression e is typeable with a pair type s, we want
to compute from s a valid type for m;(e). In CDuce, a pair type s is a finite union of product types,
which can be decomposed into a finite set of pairs of types, denoted as 7 (s). For example, we decompose
s = (t1 X t2) V (s1 X s2) as w(s) = {(t1,¢2), (s1,52)}. We can then compute easily a type &;(s) for
m;i(e) as ;i (s) = t; V s; (we used boldface symbols to distinguish these type operators from the projections
used in expressions). In the calculus considered here, the situation becomes more complex because of type
variables, especially top level ones. Let s be a pair type that contains a top-level variable «v. Since v £ 1x 1
and s < 1 x 1, then it is not possible that s ~ s’ V c. In other terms the top-level variable cannot appear
alone in a union: it must occur intersected with some product type so that it does not “overtake” the 1 x 1
bound. Consequently, we have s ~ s’ A « for some s’ < 1 x 1. However, in a typing derivation starting
from A ;T I e : s and ending with A ;" - 7;(e) : t, there exists an intermediary step where e is assigned
a type of the form (¢1 X t2) (and that verifies s < (¢1 X t2)) before applying the projection rule. So it is
necessary to get rid of the top-level variables of s (using subsumption) before computing the projection.
The example above shows that o does not play any role since it is the s’ component that will be used to
subsume s to a product type. To say it otherwise, since e has type s for all possible assignment of «, then
the typing derivation must hold also for « = 1. In whatever way we look at it, the top-level type variables
are useless and can be safely discarded when decomposing s.

Given a type t, we write dnf(¢) for a disjunctive normal form of ¢, which is defined in [5]. Formally, we
define the decomposition of a pair type as follows:

Definition C.2. Let T be a disjunctive normal form such that < 1 x 1. We define the decomposition of
T as follows:

T(Vier i) = Ue, m(7i)

T(Nser(t X ) A Aer = X 5) A Nacp, @A Awex, ') (IP]>0)
= W(VN/QN((/\]'GP t] A /\keN’ —\t’f) X (/\jep ty A /\kEN\N/ _‘tg)))

ﬂ'((tl X tg)) = {{(t17t2)} tl ;ﬁ 0 and t2 ;ﬁ 0

] otherwise

and the i-th projection as ®:(7) =\ (, o, )em(r) Si-
For all type t such thatt < 1 X 1, the decomposition of t is defined as

w(t) = w(dnf((1 x 1) A L))
and the i-th projection as ®i(t) =V (o, )em(anf((ax1)rt)) Si

The decomposition of a union of pair types is the union of each decomposition. When computing the
decomposition of an intersection of product types and top-level type variables, we compute all the possible
distributions of the intersections over the products, and we discard the top-level variables, as discussed
above. Finally, the decomposition of a product is the pair of two components, provided that both components
are not empty.

We now prove that the top-level type variables can be safely eliminated in a well-founded (convex) model
with infinite support (see [5] for the definitions of model, convexity and infinite support).

Lemma C.3. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support. Then

N o xsp)Aa< \/ (tnxsn) <= )\ (tp x sp) < \/ (tn X 50)

peP neN peP nenN

Proof. The result trivially holds if A
examine the remaining cases:

pep (tp X sp) = 0or [P| =0 (e, \,cp(tp X sp) = 1). Let us



< straightforward.

= Assume that A\ . p (tp X 5p) £ V,cn (tn X sn).LetTbethetype A\ p (tp X 8p) A/, cn —(tn X sn).
Then there exists an assignment 7 such that [7]n # 0 (see the subtyping relation defined in [5]). Using
the procedure explore pos defined in the proof of Lemma 3.23 in [5], we can generate an element d
belonging to [7]n.” The procedure explore pos also generates an assignment 7o for the type variables
in var(7). We define 1’ such that 7' () = no(a) U {d}, n'(=a) = no(—a) \ {d}, and ' = o
otherwise. Then we have [T A a]n’ # 0, which implies A . (tp X sp) A £V, ¢y (tn X sn). The
result follows by the contrapositive.

O

The decomposition of pair types defined above has the following properties:

Lemma C4. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support and t a type such thatt < 1 X 1. Then

(1) Forall (t1,t2) € w(t), we have t1 % 0and ta £ 0
(2) For all S1, 82, we have t < (51 X 82) < v(tl,tg)Eﬂ’(t)(tl X tQ) < (81 X 82)

Proof.

(1): straightforward.
(2): Since t <1 x 1, we have

t~ \/  @xna A\ Hxha N - xe)A N oan A -
(P,N)ednf(t) JEP\V keEN\Y acPnNY a’eNNY
Ift ~ O, then w(t) = (t)
is not equivalent to 0 as well. Let "¢ denote the type V/  p n) canf (1) (/\jeP\v(t{ Xté)/\/\kEN\ﬂ,, (%

th )). Using the set-theoretic interpretation of types we have that "¢™ is equivalent to
VoV (A dr N=-HxC AN ar A\ -t3)
(P,N)ednf(t) N'CN\Y¥ jeP\V¥ kEN' JEP\V kE(N\V)\N'
This means that, "¢ is a equivalent to a union of product types. Let us rewrite this union more explicitly,
thatis, "t7 ~ \/,_,(t1 x t3) obtained as follows
t t
j k j k
V (V CCAdAr AN xCAN ar A\ —13) )

(P,N)€dnf(t) N'CN\¥  jeP\¥ kEN' jEP\¥ EE(N\Y)\N'

We have

w(t) = {(t},t5) |i € Tand t] 2 O and t % 0}
Finally, for all pair of types s1 and s2, we have

t < (81 X 32)

— V (A Exha N et xs)n N\ an N\ —a) < (s1 x s2)
(P,N)ednf(t) jeP\V keEN\Y acePNY a’eNNY

= \/ (/\(tjlxt%)/\ /\ —(th x th) /\ a A /\ —a’ A—=(s1 % 82)) <0
(P,N)ednf(t) jeP\V¥ kEN\YV acPNY a’'eENNY

— \/ (N Ex)A N\ 5 xt5) A=(s1x 52)) <O (Lemma C.3)
(P,N)€dnf(t) jEP\V kEN\Y

— Vo CA Ex)n N\ - xt5) < (s1 % 52)
(P,N)€ednf(t) jeP\YV keEN\Y

< < (81 X 82)

< \/ (tl X tz) < (81 X 82)

(t1,t2)€m(t)

Lemma C.5. Let s be a type such that s < (t1 X t2). Then

(1) s < (mw1(s) x w2(s))
(2) mi(s) < t;

7 Strictly speaking, the procedure explore pos of Lemma 3.23 in [5] supposes 7 contains only finite product types, but
it can be extended to infinite product types by Lemma 3.24 in [5]




Proof. (1): according to the proof of Lemma C.4, \/ (| .y (4) (81 X 52) is equivalent to the type obtained
from s by ignoring all the top-level type variables. Then it is trivial that s < \/( s1,82)Em(s) (s1 X s2)
and then s < (m1(s) x w2(s)).

(2): since s < (21 x t2), according to Lemma C.4, we have \/ () (s1 X s2) < (t1 X t2). So for
all (s1,s2) € m(s), we have (s1 X s2) < (1 X t2). Moreover, as s; is not empty, we have s; < ;.
Therefore, 7;(s) < t;. .

Lemma C.6. Lett and s be two types suchthatt < 1xland s < 1x 1. Thenm;(tAs) < m;(t) Ami(s).

Proof. Lett =\/ 75, and s =/ T, such that

Jj1€J1 jo€Ja

t X t /\ a A /\ —a/
a€P; a’€N;
and7; 2 Oforall j € J1 UJo. Thenwe have t As =\, ;o o5 T ATy Letji € Jyand j2 € Jo.
If 7j, A 7j, ~ 0, we have w;(7;, A Tj,) = 0. Otherwise, ;(7j, ATj,) = t5, Ath, =mi(7j,) A®i(Tj,).
For both cases, we have 7;(7j, A 7j,) < ®;(7j,) A (7, ). Therefore

1l'7;(t/\8) = vleJl,szJg ﬂi(le ATJQ)
< Viengeen ®i(Tn) A®i(7,))
= j1E€J1 Wi(le))/\(ijer ﬂi(sz))

7l‘7,(t) /\7I‘2‘(S)
O

For example, 71 ((Int X Int) A (Int X Bool)) = &1(0) = 0, while v1((Int x Int)) A7 ((Int X
Bool)) = Int A Int = Int.

Lemma C.7. Let t be a type and o be a type substitution such that t < 1 x 1. Then m;(to) < m;(t)o

Proof. We put t into its disjunctive normal form \/ je Ti such that

t><t /\a/\/\—'a

a€P; a’€N;

and 7; % O forall j € J. Then we have to = \/,_; ;0. So wi(to) = \/,_;mi(7;0). Let j € J.If
Tj0 ~ 0, then 7v;(7j0) = 0 and trivially m;(7;0) < ;(7;)o. Otherwise, we have 7j0 = (tjo X tjo) A
(_/\aer an /\Q,ENJ_ —a')o. By Lemma C.6, we get w;(50) < tho Aﬂi((/\aepj a /\a/ENj —a)o) <
tjo ~m;(7;)o. Therefore, \V;c ; wi(7j0) <V, ;mi(7))o, thatis, mi(to) < mi(t)o. O

For example, 71 (((Int x Int) Aa){(Int X Bool)/\}) = 7r; ((Int x Int) A (Int X Bool)) = O, while
(w1((Int x Int))){(Int x Bool)j,} = Int{(Int x Bool),} — Int,

Lemma C.8. Let t be a type such that t < 1 x 1 and [or|ker be a set of type substitutions. Then
ﬂi(/\keK tak) < /\kEK ﬂi(t)a'k

Proof. Consequence of Lemmas C.6 and C.7. O

C.2.2 Function types

A type t is a function type if t < 0 — 1. In order to type the application of a function having a function
type t, we need to determine the domain of ¢, that is, the set of values the function can be safely applied to.
This problem has been solved for ground function types in [11]. Again, the problem becomes more complex
if ¢ contains top-level type variables. Another issue is to determine what is the result type of an application
of a function type ¢ to an argument of type s (Where s belongs to the domain of ¢), knowing that both ¢ and
s may contain type variables.

Following the same reasoning as with pair types, if a function type ¢ contains a top-level variable «,
then ¢t ~ t' A o for some function type ¢’. In a typing derivation for a judgment A ;T I e; ea : ¢ which
contains A;T" F ey : ¢, there exists an intermediary step where we assign a type t1 — t2 to e; (with
t < t1 — t2) before using the application rule. It is therefore necessary to eliminate the top-level variables
from the function type ¢ before we can type an application. Once more, the top-level variables are useless
when computing the domain of ¢ and can be safely discarded.

Formally, we define the domain of a function type as follows:



Definition C.9 (Domain). Ler T be a disjunctive normal form such that T < 0 — 1. We define dom(1),
the domain of T, as:

dom(V,¢; 7i) = A\,c; dom(7:) . .
dom(A;cp(t] = 13) A Nyen (81 = 13) A Npep, @A Npren, ')

. ] ] k
1 lf_ /\jEP(tjl — ) A Aren (1 = tlzc) A /\aEP«y o /\o/EN»V —a’ ~0
Viepti otherwise

For any type t such that t < 0 — 1, the domain of t is defined as
dom(t) = dom(dnf((0 — 1) A ¢))

We also define a decomposition operator ¢ that —akin to the decomposition operator 7r for product
types— decomposes a function type into a finite set of pairs:

Definition C.10. Let T be a disjunctive normal form such that 1 < 0 — 1. We define the decomposition
of T as:

O(Vier i) = Ujer 0(70)
¢(/\j€P(t{ =) A /\kEN _‘(t]f - t’;) A /\aEP»y oA /\a’GN«V —|a')
_ {@ if Asep (] = ) A Apew 2t = 5) A Agep, @A Apen, o' =0
{Vep 1 Njeprpr t2) | PP C P} otherwise
For any type t such that t < 0 — 1, the decomposition of tis defined as

(1) = S(dnf((0 — 1) A 1)).

The set ¢(t) satisfies the following fundamental property: for every arrow type s — s, the constraint
t < s — s’ holds if and only if s < dom(t) holds and for all (¢1,%2) € ¢@(t), either s < #; or t2 < s hold
(see Lemma C.12). As a result, the minimum type
t-s=min{s’ | t<s—s'}

exists, and it is defined as the union of all ¢ such that s £ ¢1 and (¢1,t2) € @(t) (see Lemma C.13). The
type t - s is used to type the application of an expression of type ¢ to an expression of type s.

As with pair types, in a well-founded (convex) model with infinite support, we can safely eliminate the
top-level type variables.

Lemma C.11. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support. Then

/\(tp—>sp)/\a§ \/ (tn — sn) <= /\(tp—>sp)§ \/ (tn — sn)

peEP nenN peEP neN
Proof. Similar to the proof of Lemma C.3. |

Lemma C.12. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support and t a type such thatt < 0 — 1. Then
s1 < dom(t)

Vs1,82 . (t < 81— 82) <= {V(tl,tz) EB(1) . (51 < 1) or (2 < 52)

Proof. Sincet < 0 — 1, we have
t~ \/ (0=1A N\ H->Hr N\ ~@tri=ot)A N\ an N -d)
(P,N)€dnf(t) JEP\Y kEN\Y acPNY a’eENNY

If t ~ 0O, then dom(t) = 1, ¢(t) = (, and the result holds. If ¢ ~ 1 V t2,thent; <0 — 1,¢2 <0 — 1,
dom(t) = dom(t1) A dom(t2) and @(t) = @(t1) U @(t2). So the result follows if it also holds for ¢1 and
t2. Thus, without loss of generality, we can assume that ¢ has the following form:

te N —=)n \ -t —=t)n N\ an \ =

JEP keEN aEPy a’ €Ny



where P 7 () and t % 0. Then dom(t) = V/,_p tJ and (t) = {Vepr tl, Njep\pr t3) | P’ € P}. For
every pair of types s; and s2, we have
t< (81 — 82)

= A=A N\ - ->B)A N\ an N\ o <(s1— s2)

jeP keN aePy a’ENy

= /\ (t =) A /\ —(th = t5) < (s1 = s2) (Lemma C.11)
jEP kEN

— /\ (] =) < s1 — sa (Tt7 % 0and Lemma 3.12 in [5])
JEP

= VP CP (si<\/[H| Vv [P£PA N\ #<s
jEP! JEP\P’
where "t = A p (8 = 5) A Ayen (5 — 15).
O

Lemma C.13. Lett and s be two types. Ift < s — 1, thent < s — s’ has a smallest solution s', which is
denoted as t - s.

Proof. Since t < s — 1, by Lemma C.12, we have s < dom(t). Then the assertion t < s — s is
equivalent to:

Y(t1,t2) € @d(t). (s < t1)or(ts < ')
that is:

tz S S/
(t1,t2)EP(t) st (sLt1)
Thus the type \/ to is a lower bound for all the solutions.
(t1,t2)€EP(t) st (s£t1)
By the subtyping relation on arrows it is also a solution, so it is the smallest one. To conclude, it suffices
to take it as the definition for ¢ - s. O

”

We now prove some properties of the operators dom(_) and “_ - _
Lemma C.14. Let t be a type such thatt <0 — 1 and t', s, s’ be types. Then

(1) if s < s < dom(t), thent-s" <t-s.
(2) ift' <t, s < dom(t') and s < dom(t), thent' -s < t-s.

Proof. (1) Since s’ < s, we have s — t-s < s’ — t - s. By definition of ¢ - s, we have t < s — t - s,
therefore t < s’ — t - s holds. Consequently, we have t - s’ < t - s by definition of ¢ - s’
(2) By definition, we have t < s — t - s, which implies t' < s — t-s. Therefore, t - s is a solution to

t' <s— s hencewehavet -s<t-s.
O

Lemma C.15. Let t and s be two types such thatt < 0 — 1 and s < 0 — 1. Then dom(t) V dom(s) <
dom(t A s).

Proof. Lett = \/; oy 7iy and s = \/, ., 7i, such that ; % O for all i € I1 U I>. Then we have
tAs =\, c1,.iper, Tir NTio- Letiy € Iy and iz € I 1f 73, ATi, > O, thendom(7i; AT, ) = 1. Otherwise,
dom(7i; A Ti,) = dom(7;; )V dom(7i,). In both cases, we have dom(7;; A Ti,) > dom(7;;) V dom(7i,).
Therefore

dom(t As) >~ A, e, iper, dom(Tiy ATiy)
2 i1€1,in€ls (dom(7i;) V dom(7i,))
~ iver; (Niyer, (dom(7i,) vV dom(7i, )))
= /\i1611 (dom(7i,) Vv (/\12612 dom(7i,)))
> /\11 en, (dom(7i,))
~ dom(t)
Similarly, dom(t A s) > dom(s). Therefore dom(t) V dom(s) < dom(¢ A s). O

For example, dom((Int — Int) A =(Bool — Bool)) V dom(Bool — Bool) = Int V Bool, while
dom(((Int — Int) A =(Bool — Bool)) A (Bool — Bool)) = dom(0) = 1.

Lemma C.16. Lett be a type and o be a type substitution such thatt < 0 — 1. Then dom(t)o < dom(to)



Proof. We put ¢ into its disjunctive normal form \/, <7 Ti such that 7; % O for all i € I. Then we have
to = \/,c; Ti0. Sodom(to) = A, ;dom(7;0). Leti € I.If ;0 ~ O, then dom(7;0) = 1. Otherwise,
let i = N\;ep(t] — t3) A Apen (7 = 15) A Naer, N Noveny, —a’. Then dom(7;) = V,cpt]
and dom(7i0) = V; ptio Vdom((A,ep, @ A Ayey, 7@')o A0 — 1). In both cases, we have

dom(7;)o < dom(7;0). Therefore, A\;_; dom(ri)o < Ao, dom(7;0), thatis, dom(t)o < dom(to). O

For example, dom((Int — Int) A —a){(Int — Int)/\} = Int{(Int — Int)/,} = Int, while
dom(((Int — Int) A =a){(Int — Int)/ 1) = dom((Int — Int) A =(Int — Int)) = 1.

)
Lemma C.17. Let t be a type such that t < 0 — 1 and [ok]kek be a set of type substitutions. Then
Arex dom(t)or < dom(A, cx tok)

Proof.
Arex dom(t)or < A, o dom(tor) (by Lemma C.16)

VkeK dom(toy)
dom(A ¢k tox) (by Lemma C.15)

INIA

O

Lemma C.18. Let t1, s1,t2 and sz be types such that t1 - s1 and ta - so exists. Then (t1 A t2) - (s1 A s2)
exists and (t1 At2) - (s1 A s2) < (t1-51) A (t2 - $2).

Proof. According to Lemma C.13, we have s; < dom(¢;) and t; < s; — (t; - 8;). Then by Lemma
C.15, we get s1 A s2 < dom(t1) A dom(t2) < dom(t1 A t2). Moreover, t1 Atz < (s1 — (t1-81)) A
(52 — (t2 . 82)) < (81 A 82) — ((tl . 81) A (t2 . 52)). Therefore, (tl N tg) . (81 A 52) exists and
(tl/\tz)-(81/\82) < (t1 -81)/\(t2~82). O

For example, ((Int — Bool) A (Bool — Bool)) - (Int A Bool) = O, while ((Int — Bool) - Int) A
((Bool — Bool) - Bool) = Bool A Bool = Bool.

Lemma C.19. Let t and s be two types such that t - s exists and o be a type substitution. Then (to) - (so)
exists and (to) - (so) < (t - s)o.

Proof. Because t - s exists, we have s < dom(t) and t < s — (¢ - <

tc < so — (t-s)o. By Lemma C.16, we get dom(t)oc < dom(to). So so < dom(to). Therefore,
(to) - (so) exists. Moreover, since (¢ - s)o is a solution to to < so — s’, by definition, we have
(to) - (so) < (t- s)o. O

s). Then so < dom(t)o and

For example, (((Int — Int)A—a)o)-(Into) = 0-Int = O, while (((Int — Int) A—a)-Int)o =
Into = Int, where o = {(Int — Int)/,}.

Lemma C.20. Let t and s be two types and [0 ke be a set of type substitutions such that t - s exists. Then
(Akex tor) - (N sow) exists and (N tor) - (A 50%) < Npec (E - 5)ow.

Proof. According to Lemmas C.19 and C.18, (A, ¢ tox) - (A cx 50k) exists. Moreover,

/\kex(t‘S)UkZ /\keK(tUk'SUk) (Lemma C.19)
> (Apextor) - (Apex sor) (Lemma C.18)

C.2.3 Syntax-Directed Rules

Because of subsumption, the typing rules provided in Section A.3 are not syntax-directed and so they
do not yield a type-checking algorithm directly. In simply type A-calculus, subsumption is used to bridge
gaps between the types expected by functions and the actual types of their arguments in applications [14]. In
our calculus, we identify four situations where the subsumption is needed, namely, the rules for projections,
abstractions, applications, and type cases. To see why, we consider a typing derivation ending with each
typing rule whose immediate sub-derivation ends with (subsum). For each case, we explain how the use of
subsumption can be pushed through the typing rule under consideration, or how the rule should be modified
to take subtyping into account.

First we consider the case where a typing derivation ends with (subsum) whose immediate sub-derivation
also ends with (subsum). The two consecutive uses of (subsum) can be merged into one, because the
subtyping relation is transitive.

Lemma C.21. If A ;T | e : t, then there exists a derivation for A ;T & e : t where there are no consecutive
instances of (subsum).



Proof. Assume that there exist two consecutive instances of (subsum) occurring in a derivation of A ; I"
e : t, that is,

AT Fe sy s5< s
! / ! / (subsum) ! /
AT Fe sy s1 <t

AT/ et

(subsum)

AT'kFe:t
Since s5 < s} and s7 < t/, we have s5 < t’. So we can rewrite this derivation as follows:
ATV e 18y s <t

AT Fe tf

(subsum)

ATkFe:t

Therefore, the result follows. O

Next, consider an instance of (pair) such that one of its sub-derivations ends with an instance of

(subsum), for example, the left sub-derivation:

A;T'Fer:s s1 < t1
A;FFelltl A;F'_GQZtQ
A;F = (61762) : (tl X tg)
As s1 < t1, we have s1 X t2 < t1 X t2. Then we can move subsumption down through the rule (pair),
giving the following derivation:
A Tker:s AT Fes:ts )
(pair)
A;FF(€1,62):(81X1‘/2) 81Xt2§t1><t2
A;F [ (61,62) : (t1 X tz)

The rule (proj) is a little trickier than (pair). Consider the following derivation:

(subsum)

(pair)

(subsum)

A;TFe:s s<t; Xts
A;F}—ei(tl XtQ)
AT Eme) :
As s < t1 X t2, s is a pair type. According to the decomposition of s and Lemma C.5, we can rewrite the
previous derivation into the following one:

(subsum)

(proj)

A;TFe:s s<1x1
AT Fmi(e) s mi(s) 7i(s) <ty
A;TEm(e):
Note that the subtyping check s < 1 x 1 ensures that s is a pair type.

Next consider an instance of (abstr) (where A" = A Uvar(\;.; ;¢ ,(tio; — si0;)). All the sub-
derivations may end with (subsum):

AT, (x s tioy) F eQloy] : si; sy < si0;
A";T (z 2 tioj) F eQloj] : si05

. Nierti—si .
A;TH A[gj]jel z.e: Nier jes(tio; — sioj)

Viel,jeJ

(abstr)

Without subsumption, we would assign the type A, Ije s(tioj — si;) to the abstraction, while we want

to assign the type A\, je ;(tio; — s,0;) to it because of the type annotations. Consequently, we have to

keep the subtyping checks s;; < s;o; as side-conditions of an algorithmic typing rule for abstractions.
Viel,jedJ AT, (x:tio;)tF eQloy]: si; sij < si0;

. Nierti—s; . O O
A;TH /\[;j]jeJ zT.€: /\iELjEJ(tZJJ — 8i05)

In (appl) case, suppose that both sub-derivations end with (subsum):
ATke it t<t —=ss A;T'kFe:s s<t
ATke:t/ = ¢ ATFey:t

A:Thkeies:s

(appl)



Since s < t’, then by the contravariance of arrow types we have t’ — s’ < s — s’. Hence, such a derivation
can be rewritten as

AiTher:t t<t =4
A:TkFe :t' ¢ 55 <s—s
ATke :s—5s A:Thkei:s
A:TkFeles:s
Applying Lemma C.21, we can merge the two adjacent instances of (subsum) into one:

(appl)

ATrer:t t<s—¢
ATkFe :s— s A:TFe;:s
A:ThHeies:s
A syntax-directed typing rule for applications can then be written as follows
ATFei :t ATkFey:s t<s—s
A:THees:s
where subsumption is used as a side condition to bridge the gap between the function type and the argument
type.

This typing rule is not algorithmic yet, because the result type s’ can be any type verifying the side
condition. Using Lemma C.12, we can equivalently rewrite the side condition as ¢t < 0 — 1 and
s < dom(t) without involving the result type s’. The first condition ensures that ¢ is a function type
and the second one that the argument type s can be safely applied by ¢. Moreover, we assign the type t - s
to the application, which is by definition the smallest possible type for it. We obtain then the following
algorithmic typing rule.

A;TFer:t ATker:s t<0—1 s<dom(t)

A T'Fees:t-s

(appl)

Next, let us discuss the rule (case):

'L -t = A;Tkei:s
'Lt = A;Thles:s

AT (e€t?er tez): s

The rule covers four different situations, depending on which branches of the type-cases are checked: () no
branch is type-checked, (i7) the first branch e is type-checked, (7i7) the second branch e is type-checked,
and (iv) both branches are type-checked. Each case produces a corresponding algorithmic rule.

In case (%), we have simultaneously t' < tandt < —t, which means that ' = 0. Consequently, e does
not reduce to a value (otherwise, subject reduction would be violated), and neither does the whole type case.
Consequently, we can assign type O to the whole type.

ATke:t {

(case)

A;T'Fe:0
A;Fl—(eet?elleg):o

Suppose we are in case (4¢) and the sub-derivation for the first branch e; ends with (subsum):

AT'kFe:s; s1<s
ATkFe:t t<t A:Tkei:s
A;TH (e€t?er tez): s

Such a derivation can be rearranged as:

(case)

ATrFe:t ‘<t A;TFer:s:
A;TH (e€t?er e2): st s1<s
A;TH (e€t?er:ea): s

Moreover, (subsum) might also be used at the end of the sub-derivation for e:

A:Tke:t" t'<?t
ATke:t <t A:T'kei:s
A;TH(ect?er:ez): s

From t” < ¢’ and t' < t, we deduce t"’ < t by transitivity. Therefore this use of subtyping can be merged
with the subtyping check of the type case rule. We then obtain the following algorithmic rule.

(case)

A:Tke:t' t'<t A:T'Fei:s
A;TH (e€t?erte2): s




We obtain a similar rule for case (ii7), except that e is type-checked instead of eq, and t” is tested against
—t.

Finally, consider case (iv). We have to type-check both branches and each typing derivation may end
with (subsum):

A;TFer:s s1<s
t' £ -t and A Thke:s

A:Tke:t
ATher:s0 s2<s
Lt and A:Thkes:s

A;TFE (ect?erte2):s

Subsumption is used there just to unify s; and sz into a common type s, which is used to type the whole
type case. Such a common type can also be obtained by taking the least upper-bound of s; and s2, i.e.,
s1 V s2. Because s1 < s and s2 < s, we have s1 V s2 < s, and we can rewrite the derivation as follows:

case)

V£ -t and A;TkFe;:s;
A:Tke:t
tlﬁt and A;F}—62:82
(case)
AT (e€t?er s ez): 81V sz s1Vs2<s
A;TH(e€t?er:ea): s

Suppose now that the sub-derivation for e ends with (subsum):

ATkFe:t" "<t
ATke:t

£ -t and A;Tkep:s
t' Lt and A;TFes:so

A;TH (e€t?er te2) 51V 82

The relations t” < ¢/, ¢ £ -t do not necessarily imply ¢ £ —¢, and t” < ¢/, ¢’ £ ¢ do not necessarily
imply ¢/ £ —t. Therefore, by using the type t” instead of ¢’ for e, we may type-check less branches. If so,
then we would be in one of the cases (i) — (74), and the result type (i.e., a type among O, s1 or s2) for the
whole type case would be smaller than s; V sa. It would then be possible to type the type case with s1 V s2
by subsumption. Otherwise, we type-check as many branches with ¢ as with ¢’, and we can modify the rule
into

(case)

/£t and A;Tke;:s
v Lt and A;T'Fes:so
A;F}—(eet?elzeg):sl\/52

Finally, consider the case where the last rule in a derivation is (instinter) and all its sub-derivations end
with (subsum):

ATke:t"’ {

A;TFe:s s<t
A;Tke:t VjieJ oA
ATk elojljes s Njestos
Since s < ¢, we have A\, ; so; < A\

(subsum)

(instinter)

je toj. So such a derivation can be rewritten into

A;TFe:s VjedoifA
A;Fl—e[oj]jejz/\jejsoj /\jEJSO—jS/\jEJtO—j
A;F [ C[Uj]jgj : /\je(]to-j

In conclusion, by applying the aforementioned transformations repeatedly, we can rewrite an arbitrary
typing derivation into a special form where subsumption are used at the end of sub-derivations of projec-
tions, abstractions or applications, in the conditions of type cases and at the very end of the whole derivation.
Thus, this transformations yields a set of syntax-directed typing rules, given in Figure 6. Let A; ' g e : t
denote the typing judgments derivable by the set of syntax-directed typing rules.

(instinter)

(subsum)

Theorem C.22 (Soundness). Let e be an expression. IfI' =gy e 1 t, then' - e : .

Proof. By induction on the typing derivation of A ;T" ., e : t. We proceed by a case analysis on the last
rule used in the derivation.

(ALG-CONST): straightforward.
(ALG-VAR): straightforward.



(ALG-CONST) (ALG-VAR)

ATk c:be A;Thy z:T(x)

A Tky et AT Fyes:
A,F"M (61,62):151 X to

ATkFye:t t<1x
AT Fy mi(e) s mit)

to 1
(ALG-PAIR) (ALG-PROJ)

ATk et ATk es:s t<0—1 s < dom(t)
A;Fl_p{elez:t's

(ALG-APPL)

A" = A Uvar( /\ (tio; — si0j))
i€l,jed
Viel,je J AT, (z:tio;) by eQoj] : si; sij < si0;
A B R )\AiEIti_}siZE.e : /\ (tiaj — SZ'O'J')

lojljer
i€l jEeJT

(ALG-ABSTR)

ATk e:0
A;THy (e€t?er:e2): 0

(ALG-CASE-NONE)

ATk e:t <t t'L€-t A;Tkgyer:
A;TFy (e€t?er te2) 51

s1
(ALG-CASE-FST)

ATkge:t t < —t t Lt A:Thyes:

52 (ALG-CASE-SND)
ATy (6€t?€1:62)152 ) )

t/ﬁ—'t and A;I'kg eq:s1
£t and A;TFyes:ss
AT Ry (66t?61:82):81V82

A:Tkye:t {

(ALG-CASE-BOTH)

A;Thgye:t VjeJ o i A |J| >0
A;FF&y e[oj]je]: /\taj

jedJ

(ALG-INST)

Figure 6. Syntax-directed typing rules

(ALG-PAIR): consider the derivation

A;F'_,delztl A;Fl—gyezitg
A;F '_d (61762) 11 X ta
Applying the induction hypothesis twice, we get A ;" F e; : ¢;. Then by applying the rule (pair), we
have A;T F (e1,e2) : t1 X ta.
(ALG-PROJ): consider the derivation

ATkFgye:t t<1xl1
ATy m-(e) : ﬂl(t)
By induction, we have A ;" I e : . According to Lemma C.5, we have ¢ < (71 (¢) X m2(¢)). Then by
(subsum), we get A; T F e : (1(t) x 72(t)). Finally, the rule (proj) givesus A; T F m;(e) : mi(¢).
(ALG-APPL): consider the derivation

ATkFyer:t AiTbFgyer:s t<0—1 s<dom(t)
ATk eer:t s
By induction, we have A ;T' ey : tand A ;' es : s. According to Lemma C.13, we have

t-s=min{s" |t <s—> s}
Note that the conditions ¢ < 0 — 1 and s < dom(¢) ensure that such a type exists. It is clear
t < s — (t-s). Then by (subsum), we get A;T' F e; : s — (¢ - s). Finally, the rule (appl) gives
us A;I'+ejes i t-s.



(ALG-ABSTR): consider the derivation

Viel,jeJ AT, (x:tios) Fu eQ[oy] : si; si; < si0;
. Nigrti—sq
A,F |—£{ A[Uﬁ;EJHS xT.e: /\iel,jeJ(tin — Si(fj)

with A" = A Uvar(A;c; e, (tio; — sio;)). By induction, for all i € I and j € J, we have

A";T, (z : tioj) F eQ[oy] : si;. Since sj; < s;05, by (subsum), we get A" ;T (z : tio;) b eQ[o;] :

s;0;. Finally, the rule (abstr) gives us A ;T )\[Ag’ﬁjzlfslxe t Nier jes (tio; — sioy).
(ALG-CASE-NONE): consider the derivation

ATk e:0
A;THy (e€t?er:e2): 0

By induction, we have A ;" I e : 0. No branch is type-checked by the rule (case), so any type can be
assigned to the type case expression, and in particular we have A;T'F (e€t?e1 : e2) : 0
(ALG-CASE-FST): consider the derivation

A;F",delt/ t/St A;FI—Welzsl
A;Thy (e€t?er :e2): st
By induction, we have A;T' e :t and A;T F e1 : s1. Ast’ < t, then we only need to type-check
the first branch. Therefore, by the rule (case), we have A ;T - (eet 7e1: 62) 1 S1.
(ALG-CASE-SND): similar the case of (ALG-CASE-FST).
(ALG-CASE-BOTH): consider the derivation

£ -t and A;Tkgyer:s:
ATkgye:t
t' £t and ATk es: s
AT Fy (e€t?er i e2):s1V 82
By induction, we have A;T Fe:t, A;T Fer:s1and AT I ea : so. It is clear that s1 < 81V 52
and s2 < s1 V sa2. Then by (subsum), we get A;T" F e1 : s1 Vsgand AT F ex @ 51V sa.
Moreover, as t' £ —t and t' £ t, we have to type-check both branches. Finally, by the rule (case), we
get AT F (e€t?er te2) : 51V s2.
(ALG-INST): consider the derivation

ATFge:t Vjed oA
ATy, e[O'j]ng:/\jeJtO'j

By induction, we have A;T' e : t. AsVj € J. o; § A, by (instinter), we get A;T' F e[oj]jer :
/\jEJ tO'j.

O

Theorem C.23 (Completeness). Ler < be a subtyping relation induced by a well-founded (convex) model
with infinite support and e an expression. If A ;' b e : t, then there exists a type s suchthat A;T' Fo e : s
and s < t.

Proof. By induction on the typing derivation of A ;" I e : t. We proceed by case analysis on the last rule
used in the derivation.

(const): straightforward (take s as b.).
(var): straightforward (take s as I'(x)).
(pair): consider the derivation

A;F|—61:t1 A;FF@g:tz
A;Fl—(el,ez):tl X to

Applying the induction hypothesis twice, we have A;T" ko e; : s; where s; < t;. Then the rule
(ALG-PAIR) giVCS us AT o (61, 62) 1 81 X 82. Since s; < t;, we deduce (81 X 82) < (tl X tz).
(proj): consider the derivation

(pair)

A;F}—e:(tl th)
A;I‘I—m(e) 2t
By induction, there exists s such that A;T' F e : sand s < (¢1 X t2). Clearly we have s < 1 x 1.
Applying (ALG-PROJ), we have A;T" . mi(e) : m;(s). Moreover, as s < (t1 X t2), according to
Lemma C.5, we have ;(s) < t;. Therefore, the result follows.

(proj)



(appl): consider the derivation

A;F}_eliiﬁ—)tg A;FFEQItl( l)
A;FF61622t2 app
Applying the induction hypothesis twice, we have A;T" o e; : t and A;T" Foy es : s where
t < t1 — toand s < t;. Clearly we have t < 0 — 1 andt¢ < s — to (by contravariance
of arrows). From Lemma C.12, we get s < dom(t). So, by applying the rule (ALG-APPL), we have
A;T ko eres : t - s. Moreover, it is clear that ¢2 is a solution for ¢ < s — s’. Consequently, it is a
super type of ¢ - s, thatist - s < to.
(abstr): consider the derivation

Viel ,J € J. A/'F,(:E : tidj) = 6@[0']'] 18,05
ierti s7 .
A FF)\[UE]I i 6./\2.6[7].6](1'1‘0']‘ —>Si0'j)
Where A" = Auvar(\;c; ;e (tio; — si0;)). By induction, for all ¢ € I and j € J, there exists
;jsuch that A"; T, (z : ti0;) For €@oy] : si; and s; < s;o;. Then the rule (ALG-ABSTR) gives us
i t Sz
A Iy Aae]fej ze: Nierjes(tioj — sia;)
(case): consider the derivation

(abstr)

t'<L€-t = A;Thei:s
A;TkFe:t
t/ft = A;T'key:s
A;TF (e€t?er:e2): s
By induction hypothesis on A;T" I e : ', there exists a type ¢ such that A;T" . e : t” and
t" <t . 1ft" ~ 0, by (ALG-CASE-NONE), we have A ;T ., (e€t?e1 : e2) : 0. The result follows
straightforwardly. In what follows, we assume that ¢ £ 0.
Assume that t"" < ¢. Because ¢ < t’, we have ¢ £ —t (otherwise, t" ~ 0). Therefore the first branch
is type-checked, and by induction, there exists a type s1 such that A;T" -, e1 : s1 and s1 < s. Then
the rule (ALG-CASE-FST) givesus A ;T o (e€t7eq : e2) : s1.
Otherwise, t” £ ¢. In this case, we have t' £ t (otherwise, t” < ¢). Then the second branch is type-
checked. By induction, there exists a type s2 such that A;T' o ea : 82 and s2 < s. If t”/ < —t, then
by the rule (ALG-CASE-SND), we have A ;T b,/ (e€t ?eq : e2) : s2. The result follows. Otherwise, we
also have t £ —t. Then we also have ¢’ £ —t (otherwise, ¢ < —t). So the first branch should
be type-checked as well. By induction, we have A;I" o e; : s1 where s1 < s. By applying
(ALG-CASE-BOTH), we get A;T' ko (e€t?eq : e2) : 51V s2. Since s1 < s and s2 < s, we deduce
that s1 V s3 < s. The result follows as well.
(instinter): consider the derivation

(case)

A;Tke:t VjEJo*jﬁA
AT Fe[U]]]EJ /\geJ

By induction, there exists a type s such that A;T' - e : s and s < t. Then the rule (ALG-INST) gives
us that AT o efoj]jes + \je s s0;5. Since s < ¢, we have A\, ; so; < A, ;to;. Therefore, the
result follows.

(instinter)

O

Corollary C.24 (Minimum typing). Let e be an expression. If A;T' Fo e i t, thent = min{s | A;T F
e: s}

Proof. Consequence of Theorems C.22 and C.23. O

To prove the termination of the type-checking algorithm, we define the size of an expression e as follows.

Definition C.25. Let e be an expression. We define the size of e as:

size(c) =1
size(x) =1
size((e1,e2)) = size(er ) + szze(eg) +1
size(mi(e)) = size(e) +
size(ere2) = size(e1) + szze(eg) +1
size(A' 5] ’EIt TUige) = size(e) +
szze(eet 7 e1:e2) = size(e) + szze(el) + size(e2) + 1
size(elojljcs) = size(e) +1

The relabeling does not enlarge the size of the expression.



Lemma C.26. Let e be an expression and [0j)jc s a set of type substitutions. Then
size(e@[oj]jer) < size(e).

Proof. By induction on the structure of e. O
Theorem C.27 (Termination). Let e be an expression. Then the type-inference algorithm for e terminates.

Proof. By induction on the sizes of the expressions to be checked.

(ALG-CONST): it terminates immediately.

(ALG-VAR): it terminates immediately.

(ALG-PAIR): size(e1) + size(e2) < size((e1, e2)).

(ALG-PROJ): size(e') < size(m1(e)).

(ALG-APPL): size(e1) + size(ez2) < size(eiez).

(ALG-ABSTR): by Lemma C.26, we have size(e’@[o;]) < size(e'). Then we get
size(e’ Q[o;]) < size()\f;iﬁ;;fisim.e').

(ALG-CASE): size(e') + size(e1) + size(e2) < size(e'€t 7 e : e2).

(ALG-INST): size(e’) < size(e'[o;]je).

D. Evaluation

As described in Section 3, below we assume that polymorphic variables are pairwise distinct and distinct
from any monomorphic variables in the expressions under consideration. In particular, when substituting
an expression e for a variable x in an expression €', we assume the polymorphic type variables of €’ to be
distinct from the monomorphic and polymorphic type variables of e. Furthermore, we assume that there are
no useless type variables in the domain of any type-substitution and no redundant type-substitutions in any
set of type-substitutions (Lemmas B.9 and B.10).

D.1 Equivalence between small-step semantics and big-step semantics

In this section, we prove the equivalence between the small-step semantics in Section A.4 and the big-step
semantics for the polymorphic language in Section 5.2 (extended with let-polymorphism in Section 5.4).
For clarity, we use v for the values for the small-step semantics and v, for those of the big-step semantics.

Definition D.1 (Polymorphic language).

e u= cla|z|N,zelee|ect?e:e

| eor |letxz =eine
v = c| /\f,la:.e (for the small-step semantics)
vy un= ()\fflx.e, &,01) (for the big-step semantics)

Definition D.2 (Membership). The membership relation v, €, t for polymorphic values is inductively
defined as follows:

cept = b <t
(Ao, m.e,&,05) Ept E s(oyoor) <t
Definition D.3. We define a transformation function (.) from v, to v as follows:
(o) L
(A2, 8,00) £ X5joq.e(8)
T J o1
where (&) is defined as follows:
(@) = @
(Exmw) = (&) U{)y)
Ezev) = (@) U{)y)
In the definition of ({(A7, x.e, &, 07)), to avoid unwanted captures, we assume that the polymorphic type

variables of A7 ., x.€ are distinct from the monomorphic and polymorphic type variables in &, ie, tv(&)
as precisely defined in Definition D.4. This is guaranteed by the assumption we impose on variables.

Definition D.4. The sets tv(vp) and tv(&) of type variables respectively occurring in vy, and & are defined
as follows:

tv(vp) = tv((vp))
(&) = Uscdome) UE@) U Uy cdome) tE (@)



Definition D.5. Let e be an expression and & an environment. We write e f & to mean that the polymorphic
type variables in e are distinct from tv(&). Moreover, we define v, and §& recursively as follows:
BNz, &, 05) & and ', + (Mo ze,&,04)) : ' and (Af,Jong.e) t&
fic £ true

t¢ E Vo edom(&), #(&(x)) and Yz € dom(&), #(&(z))

Definition D.6. Let i denote a singleton set made of the empty type-substitution [{ }], which is the neutral
element of the composition of sets of type-substitutions. We define a transformation function clos(-) from
(v, &, 01) to vy as follows:

clos(c,&,01) £ ¢

clos(\}, z.e,&,01) o (Ao, w.e,&, 01)
For simplicity, we write clos(v) for clos(v, @, ).
Definition D.7. We define the reflexive and transitive closure ~* of a single-step reduction ~ by the
Jfollowing two rules:
€1 ~ e es " e

. 3
— (refl) - (trans)
e~ e €1~ €3

Lemma D.8. Suppose eq ~* ¢!. Then:
(1) eres ~* elea.
(2) eger ~* epel.
(3)e1 Et 2es 1e3~ e Et2es :es.
(4) let x =e; ines ~* let z =€} ineo.

Proof. By induction on a derivation of e; ~™ €. O
Lemma D.9. Ife; ~" ez and ez ~™ e3, then e1 ~™ es.
Proof. By induction on a derivation of e; ~™ es. O

Lemma D.10. Let v, be a polymorphic value. The following properties hold:
(1) Suppose v, €, t. If there exists some type t' such that = (vp) : t/, then = (vy) : t.
(2) & (vp) : t implies vp Ep t.

Proof. (1) By induction on a derivation of - (v) : t’. There are three cases to consider.

(const): v, = cand t’ = b.. By definition D.2, b. < t and by the rule (subsum), we have - c : t.
(abstr): vo = (A5, z.e,&,07), (Up) = A5 00, 2-¢(&£), and t' = s(o7 0 071).

By Definition D.2, s(oy o o7) < t and by the rule (subsum), we have - (vp) : t.
(subsunt): We have as assumptions - (v,) : s and s < t'. By induction hypothesis, we have - (vp) : t.

(2) By induction on a derivation of - (vp) : t. O

Lemma D.11. Let v, be a polymorphic value.
(1) Suppose v, &, t. If there exists some type t' such that = (vp) : t/, then t= (vp) : —t.
(2) F (vp) : ~t implies vp &, t.

Proof. (1) By induction on a derivation of  (v,) : t'. (2) The proof is by contradiction. Suppose v, €, t.
Then, by Lemma D.10, we have + (vp) : t, which is absurd.

Lemma D.12. Suppose (1) e § & and §&; (2)+ (eQo1)(&) : t; and (3) o1; & Fp e ) vp. Then (4) fvp and
(5) (eQo)(&) ~* (vp).

Proof. By induction on a derivation of o1; & - e |} vp.

(PE-CONST): 01;& Fp ¢ c where e = c.
e #cand (cQo)(&) = c~" ¢
(PE-VAR): 07; & Fp x ) &(x) where e = x.
¢ From (1), we have §(&(x)).
e By Definition D.3, (zQo7)(&) = z(&) = z{(€(2))} = (&(x)) ~* (&()).
(PE-CLOSURE): 01; & Fp A5 w.e0 || (A7, x.e0,&,01) where e = A3 x.eo.
® By Definition D.3, (A3, 2.€0)Q01)(&) = A3, 00, T-€0(&) = ((A5, €0, &, 01)) ~" ((A;,T.€0, &, 01)).
e Moreover, from (1) and (2), we have §(A5, z.eo, &, 071).



(PE-APPLY): e = ejea.

(a) o138 Fper b (Ao €0, o) 5= NeLsi — s (b) o1;6 Fp ea vy,
oj=onpoog (c) P={jeJ|3le€L:v,c,so;} (d) op; &1 — Upgo Fp €0 4 1p
or;8 Fperea | vp
¢ From (2), (e1@Qo)(&) and (e2Qo)(&) are also well-typed.
e ByIHon (a), §{\5, z.e0, &', om) and (e1@Qo7)(E) ~* (A5 x.€0, 8", 0H)) = Ao o0p T-€0(E”) =
A5, z.e0(&") where dom(os) Ntv(&') = 0.
e By IH on (b), fvp, and (e2@o1)(&) ~+* (vp,).
e By Lemmas D.8 and D.9, ((e1€2)@Qo1)(&) = ((e1@01)(£)) ((e2@01)(£)) ~* (A5, x-€0(E”)) (vpy) ~+
((eo(&"))@Qo pr){(vpg)/,} where
() P={jeJ|AeL,t (vpy): 5105}
Furthermore, by Theorem B.15 with (2), ((e0(&”))Qo pr ){(Wpo)/z} is also well-typed.
® By & and fup,, we have §(&”'z — vp,,) and by assuming a-conversion, we have eg § (&' — vp,).
¢ By Lemma D.10 with (c) and (e), P = P’. Moreover, by Lemma B.5 with dom(o;) Ntv(&") = 0,
we have (eo(&”"))Qopr = (e0(&£'))Qop = (e9@op)(£').
¢ By IH on (d), (e0@op)(&’,z — vpy) = (e0Q@op)(E ) {(Wpo)z} = ((eo(&”))Qop){(Wpo)fz} ~*
(vp) and § vp.
e Finally, by Lemma D.9, ((e1e2)@o)(&) ~" (vp)-
(PE-TYPECASET): e = €1 € s7e3 : e3.
(a) or;& Fp e1 Y vpg (b) vpg Ep s (c) o1;8 Fp eadbvp
or;8Fper €s?ex ez vy
¢ By definition, ((e1 € s 7 ez : €3)Qo)(&) = (e1Q01)(&) € 57 (€2Q0)(&) : (e3Qo)(£), and
each sub-expression (e;@Qo1)(&) (i = 1,2, 3) is well-typed from the assumption (2).
e By IH on (a), (e1Qo)(&) ~+" (vp) and fup,,.
e Then, by Lemma D.10 with (b), we have - (vp,) : s.
e By IH on (¢c), (e2@Qo)(&) ~* (vp) and fovp.
e Finally, by Lemmas D.8 and D.9, we have (e1@Qo)(&) € s 7 (e2Qo1)(&) : (e3Qop)(&) ~*
(vpo) € 57 (e2Qo1)(8) : (e3Qo1)(&) ~ (e2Qar)(&) ~™ (vp), thus proving (5).
(PE-TYPE CASE F): Similar to the case for the rule (PE-TYPE CASE T), except that we exploit Lemma D.11
instead of Lemma D.10.
(PE-INSTANCE): e = eg0 .

(a) oroos; & Fpegdv

or; 8 Fpepog v

e By the assumption (1), we have eo f &

¢ By IH on (a), (e0@(o1 0 07))(&) ~* (vp) and fup.

¢ Finally, by definition, we have ((ecy)@Qo)(&) = (e@(o1 0 05))(&E) ~* (vp), thus proving (5).
(PE-PVAR,): e = x.

) =c
or;&tpxlc

e icand (zQo)(&) =c~" c.

(PE-PVARy): e = z.
E(z) = ()\f,Ky.eo,co“",aJ>
or; & Fpzll (A5, y.€0,8 01 007)
* (2Qo;)(&) = (z[oilicr)(&) = (£(@)[oi]icr = (Ao y-€0,8”,00))[0i]icr " AJ o(0y00,)Y-€0(E7) =
((Nojy-€0,8" 01 00)).

(PE-LET): e = let £ = €1 in es.

(a) o1;6 Fp e1d vy, (b) 0158,z — vpq Fpea Y vp
or; 6 Fpletz=e1ines | vp
e By IH on (a), (e1Qo)(&) ~ (vpg)-
e By IH on (b), (e2Qo1)(&, z — vpy) = (e2Qo 1 )(E){(vpo)fz} ~* (vp).
e ByLemmasD.8andD.9, ((let z = e ine2)Qo7)(&) = let x = (€1Qo) (&) in (e2@o1) (&) ~*
let z = (vpy) in (e2@01)(&) ~ (e2@or)(E){(Wpo)z} ~ vp.

O

Definition D.13. v, =c v, if and only if (vp) = (vp').
Lemma D.14. Suppose v, =c v,'. Then v, €, t if and only if v,’ €, t.



Proof. Suppose vp = c. Then v,” = ¢, which completes the proof. Now suppose v, = (Mg, z.e,8,07).
Then vy’ = (A5, z.€’, &', 0n) where 0 0 01 = o o o and e(&) = €'(£”"). By the definition of €, we
complete the proof. O

Lemma D.15. Suppose (I) (61@01)(&) = (e2Q01)(&2) and (2) o1; &1 bp €1 ) vp. Then, there exists vy’
such that o1; & by e | vy’ and vy, =c v,

Proof. By induction on a derivation of o1; &1 Fp e1 || vp.

(PE-CONST): €1 = v, = c.
e From (1), ez is either ¢, z, or z. If e = ¢, then the proof is easy.
e If ez = x, then v," = & (). From (1) we have (e2@Qo)(&2) = (zQo7)(&2) = (&2(x)) = c, thus
completing the proof. The proof for e; = z is similar.
(PE-VAR): e1 = z and v, = &1 ().
¢ From (1), ez is either y, ¢, A7, z.e, or z.
o Ifes = c, thenv, = c. Moreover from (1) we have (e1Qo1)(61) = (zQo1)(61) = (1(x)) = ¢,
thus completing the proof.
o Ifes =y, thenv, = o@g( ). From (1) we have &1 (z) = &2(y), thus completing the proof.
e Ifex = A5, z.e, then v,/ = (e2, &2, 01). From (1) we have &1 (x) = (e2@o7)(&2) = (vp'), thus
completing the proof.
e Now assume ez = z. If &(z) = ¢, then from (1) we also have &1(x) = c, thus completing the
proof. Otherwise, &(z) = (A5, z.e,&" O'H> and vy’ = (A5, z.e, &', 01 0 o). From (1), we have
& (z) = (2Qor)(62) = (62(x))Qor = (vp'), thus completing the proof.
(PE-CLOSURE): e1 = A;, z.e and v, = (e1,61,07).
e From (1), ez is eltherm Ao, 2 e, orz.
e If es = x, then the proof is 51m11ar to the third case for (PE-VAR).
e Ifex = A5, z.¢/, then vy’ = (A5, z.€’, &, 01). From (1), we have (vp) = (vp'), thus completing the
proof.
e If ex = g, then &(z) = (A, 2.€,& ,on) and v," = (/\U]z e,&' oroom). From (1), we have
(vp) = (e1Qo7)(&1) = (x@m)(&) = (& (2))Qor = (vy'), thus completlng the proof.
(PE—APPLY) €1 = €é11€12.
e From (1), we have ez = ez1e22 and (e1,@Qo1)(&1) = (e21@Qo1)(&2) where [ € {1,2}.
e From (2), we have the following assumptions:
(a) o1;61 Fp enn (Ao me, &, 0m) where s = Nicrsi — s; and tv(&) Ndom(on o ok ) = ;
(b) g} 51 Fp €12 »U, UPO;
(¢) oj=comooxand P={j€J|3iel: vy, €, si0;};and
(d) op; &, 2 — vpy Fp e vp.
* ByIHon (a), 07562 Fp e21 (A5, ./, 8", 0p1) where o oo = s 0ok and e(&) = €' (8”).
Moreover, tv(&') Ndom(ogr o ogr) = 0.
e By IH on (b), o1; & Fp €22 4 vp(, and vpy =c vpy,.
¢ By Lemma D.14 with vy, =c vppand oy = opoox = oproog,wehave P={j € J| i €I :
Upy Ep Si05} ={j € J|3iel:uvpyg € sios}.
 From e(&) = €'(&') and vp, =c vp, and tv(&) Nop = @ and tv(&') Nop = 0, we have
(eQop)(&,x > vpy) = (€'Qap) (&', x> ).
® Now, by IHon (d), op; &', @ — vpg bp €' J v," and v, =c vy
e Finally, we have o; & F, e2 | vy’ by the rule (PE-APPLY), thus completing the proof.
(PE-TYPECASET): e1 =e11 € s?e12 : €13.
e From (1), we have e2 = ea1 € s7eas : €23 and (611@0'1)(é91) = (621@0'[)(572) where [ € {1, 2, 3}
e From (2), we have the following assumptions:
(a) or;61tpenn Yvpg  (b) vpg €p s (c) 01361 Fperzdvp
e By IH on (), o7; & Fp €21 4} vp(, and vpq =c py,.
¢ By Lemma D.14 with (b), we have vy, €p s
e By IH on (c), o7; & b €22 |} vp" and v, =c vy’
® Finally, we have o1; & b, ea | vp’ by the rule (PE-TYPE CASE T), thus completing the proof.
(PE—TYPE CASE F): e1 =e€e11 €s7e12 : e13.
e Similar to the case for the rule (PE-TYPE CASE F).
(PE-INSTANCE): e1 = eo .
e From (1), we have e2 = €0y and (eQ(o7 0 07))(&1) = (€'Q(071 0 05))(£2).
e From (2), we have the following assumption: (a) o7 0 0s; &1 Fp e |} vp.
e ByIHon (a),071007;& Fp e |} vy’ and v, = vy’
e Finally, we have o1; & b, e2 |} v’ by the rule (PE-INSTANCE), thus completing the proof.



(PE-PVAR.): e1 =z and v, = c.
e Similar to the case for (PE-CONST).
(PE-PVARf): e1 =z, &1 (z) = (A5 z.e,8,0m) and vy = (Aj z.e,&, 01 o o).
e Similar to the case for (PE-VAR).
(PE-LET): e; = let z = e11 ineia.
e From (1), we have e = let & = e21 in e2s. Moreover, (e11Qo7)(61) = (e21@Qor)(82) and
(612@0’[)(51) = (622@0’[)(@2).
e From (2), we have the following assumptions:
(a) o561 penn Yvpg  (b) 01561, 2 vpg bp 12 4 vp
e By IHon (a), 01; &2 bp €21 | vpg and vpq =c Upy-
e By IHon (b), o1; &,z + vp Fp €22 J vp" and vp =c vy

e We conclude o1; &> ez || vp' by the rule (PE-LET). 0

Lemma D.16. Let v be a well-typed closed value such that dom (o) N tv(v) = 0. Suppose (1) o1; 8 +,
(eQop){v/z} | vp. Then o1 oo &, — clos(v) by e b vy’ and vy =c vy'.

Proof. By induction on a derivation of o1; & Fp (eQo ) {9z} | vp.

(PE-CONST): e = cand v, = v,/ = c.
(PE-VAR): There are two cases to consider.
e Suppose e = z. Then (e@Qor,){v/;} = v and v, = clos(v, &, o7) = clos(v) = v,’".
® Now suppose (e =y A y # x). Then (eQop){V/z} =y and v, = v, = &(y).
(PE-CLOSURE): e = Aj, y.€0, (eQop){Ve} = A5, oo y-(e0{¥z}), and vp = (A5, oo y-(e0{¥z}), &, 01).
Moreover, v, = (e, (£, z +— clos(v)), o1 o o) and thus v, =c vy’
(PE-APPLY): e = erez and (eQor){V/z} = ((e1@Qor){vz})((e2Qor){V/z}).
e From (1), we have the following assumptions:
(a) 0156 bp (e1@oL){Va} I (Ao y-€0,60,0m)
where s = Ajers; — s; and tv(&) Ndom(omg ook ) = 0;
Eb) or; & by (e2@QoL){Vz} I vpys

c) ogj=cgooxand P={jec J|3iecl: v, & sio;};and
(d) op; &0,y — vpq Fp eo I vp.
* BylHon (a), 07 0 01; &, 2+ clos(v) Fp e1 4 (A5, y-€0, 66, 0m1) Where o 0 0k = 01 0 Ok
and e (&) = e (&y). Moreover, tv(&y) Ndom (o o o) = 0.
e ByIHon (b), o1 o o; &, — clos(v) b e2 || vpg, and v =c vpy,-
¢ By Lemma D.14 with vy, =c vpy and o 0 o0k = ogr oo, wehave P = {j € J | Jie I :
Upy Ep Si05} ={j € J|Tiel:uvyg € sioj}.
® From eo(&0) = €p(&p) and vy =c vp(, and tv(&p) Nop = @ and tv(&y) Nop = B, we have
(€0@00) (60, y > Upg) = (¢4 Oop)(ELry > Vo).
¢ By Lemma D.15 with (d), we have op; &5,y — vpg Fp €0 J vp' and vp =c vp'.
By the rule (PE-APPLY), we have o7 0 o1,; &, x — clos(v) I, e} v,’, thus completing the proof.
(PE-TYPECASET): e=¢€e1 € 57¢€3 : €3.
« (cGoL) (¥} = (180L){Us} € 57 (€2800) (s} : (esQor) ¥}
e From (1), we have the following assumptions:
(a) 0156 Fp (e1@oL){Vat Yvpy  (b) Upg €p s (c) o1;& Fp (€2QoL){V/z} Y vp
e ByIHon (a), 07 0 o; &,z +— clos(v) Fp e1 | vpg and vy =c v,
¢ By Lemma D.14 with (b) and vy =c vp(,, We have vy, €p s.
e ByIHon (¢), 071 0 01; &, x — clos(v) Fp e2 J vy’ and vp =c vp'.
e We conclude o7 o o1,; &,z — clos(v) - e |} vy’ by the rule (PE-TYPE CASE T).
(PE-TYPE CASE F): Similar to the case for the rule (PE-TYPE CASE T).
(PE-INSTANCE): e = egoy and €’ = ((eg07)Qop){V/z} = (e0@(or, 0 07)){V/z}-
¢ From (1), we have o1; & by (e0@(o, 0 0.5)){Vz} I vp.
® By IH, we have o7 o (01 0 65); &, > clos(v) by €0 4 vp’ and v, =c vy
® We conclude o7 0 or,; &,z — clos(v) - egos |} v, by the rule (PE-INSTANCE).
(PE-VAR.): e=zand v, = v,/ = c.
(PE-VARy): € =z, &(z) = (A5, y.€0,& ,om), and v, = vp’ = (A5, y.€0, &, (01 00L) 0 o).
(PE-LET): e = let £ = ¢; in es.
o (e@Qop){Vy} =let z = (e1Qo){Yyz} in (e2@Qo){V/z}.
e From (1), we have the following assumptions:
(a) 0156 bp (e1@oL){Vat Yvpg  (b) 0158, 2 vpg Fp (€2QoL){vz} Y vp
e ByIHon (a), 07 0 0; &,z + clos(v) bp e1 | vp, and vpy =c vpy.



e By IHon (b), 07 0 01; &, & — Vpg, T — clos(v) by e2 | v," and vp =c vy

e We conclude o7 o o1,; &,z — clos(v) F, e | vp’ by the rule (PE-LET). -

Lemma D.17. Let v be a well-typed closed value such that dom (o) N tv(v) = 0. Suppose (1) o1; & +p
e{Vz} U vp. Then o1; &, — clos(v) by e | vy’ and v, = vy,

Proof. Similar to the proof for Lemma D.16. O
LemmaD.18. If(I)Fe:t, (2)e~ €, and (3)i;@ Fp € | vy, theni; @ F, e |l vy and v, =c vy’
Proof. By induction on a derivation of e ~ €.

(e =ejea):
/
@ ﬂ where e/ = e ea:
€1€2 v €1€2
e From (3), we have the following assumptions:
(a) i;@ Fp €1 I (A5 z.c0, &, 0m) where s = Niepsi — s; and tv(&) Ndom(og ook ) = 0;
(b) ;@ Fpe2 { vpg;
(¢c) os=cmgooxand P={j€J|3l€L:uv,& si05};and
(d) op; &, — vpg Fpeo | vp.
* By Hon e, ~ €} with (a), ;@ - e1 § (A5, @.€5, 8", 0p) Where o 0 0 = o7 0 0cr and
tv(&') Ndom(ogs o oxr) = 0 and eo(&) = ep(&7).
® From eo(&) = eg(&’), tv(€) N dom(op) = 0, and tv(&') N dom(op) = 0, we have
(e0Qop)(&, x> vpy) = (egQop)(&', x — vp).
¢ By Lemma D.15 with (d), op; &,z +— vpq Fp € 4 vp" and v, =c v
® Finally, by the rule (PE-APPLY), we conclude o1; & -, eres |} vy’
€2 > 6/2 ’ f
(II) ——— wheree’ = ejes:
€1€2 v €1€9
e Similar to the case for (I).
I e; = Aﬁjel‘gi_}‘qéweo, e2 =v,€ = (e0@Qop){V},and P={je J|Fiel, tv:so;}:
e We have i; @ b, e1 |} clos(e1) and i; @ F, v |} clos(v).
e ByLemmaD.10,P={jeJ|del, Fv:sio;}={j€J|Fiel, clos(v) € sio;}.
¢ By Lemma D.16 with (3), we have op; x — clos(v) b, eo | vp’ and vp = v,
e Finally, by the rule (PE-APPLY), we conclude i; @ F, ere2 | Up’.
(e=ey1 Es7ea: e3)

!
@ i

! /
where e’ =e] € s7ez : e3:

ewell €s87e2: €3
e From (3), there are two cases to consider. Here we consider only the case for (PE-TYPE CASE T).
The case for (PE-TYPE CASE F) is similar.
® We have the following assumptions:
(a) ;9 Fp el bopg  (B) vpg Eps  (c) 5@ Fpealup
e By IHon e; ~ € with (a), i; @ b €1 vpg and vp, =c vpy.
¢ By Lemma D.14 with (b), we have vy €, s.
e Finally, by the rule (PE-TYPE CASE T), we conclude i; @ F, e} vp.
€2 6/2

an wheree’ =e; € s7¢€h : e3:

eweles?elg te3
e From (3), there are two cases to consider.
o First, consider the case for the rule (PE-TYPE CASE T). Then, we have the following assump-
tions:
(@) 5@ Fperlvp, (b) vpg €ps (c) 5D Hp €3 | vp
By IH on e2 ~ e5 with (c), we have i;@ F, ez || v,/ and v, =c v,’. Then, by the rule
(PE-TYPE CASE T), we complete the proof.
e Now consider the case for the rule (PE-TYPE CASE F). Then, we have the following assumptions:
(a) ;@ Fpen 4 vpg (b) Upg Zp S (¢) @ Fpes v
Then, we just complete the proof by the rule (PE-TYPE CASE F).
€3 ~> 6;, / ’
(III) - wheree =e; €s57e2: e3:
e~e1 €85%e2: e3
e Similar to the case for (II).
IV)ei =v, F v:s,ande’ = ea:
e We have i; @ b, e1 |} clos(v).
¢ By Lemma D.10 with + v : s, we have clos(v) €;, s.




e Then, by the rule (PE-TYPE CASE T) with (3), we conclude i; @ F, e | vp.
V)er=wv, I/ v:s,and e’ = e3:
e We have i; @ -, e1 |} clos(v).
e By Lemma D.11 with I/ v : s, we have clos(v) &, s.
e Then, by the rule (PE-TYPE CASE F) with (3), we conclude i; @ F, e | vp.
(e = eqoy): € = ep@Qoay.
e By Lemma D.16 with (3), we have o.7; @ -, €0 |} v," and v, =c vyp'.
e By the rule (PE-INSTANCE), we conclude i; & F, egoy | vp'.
(e =let x =e; ines):

/
€1 v ey

@

— where ¢/ = let x = e} in es:
e~ letx =e7 ines

e From (3), we have the following assumptions:
(a) E@p et vy (b) 5z vpg Fpeadbop
e By IH on e ~~ €} with (a), we have i; @ -, e1 | vpg and vp; =c Upy-
¢ By Lemma D.15 with (b), we have i; z +— vp(, Fp €2 | v," and v, =c vy
e Then, by the rule (PE-LET), we conclude i; & -, e |} v,'.
€9 ~ 6,2 ’ . /
an — wheree’ = let z =¢; inejy:
e~ letx=e1 iney
e From (3), we have the following assumptions:
(@) ;@ ko en 4 vpg (b) iz — Upg Fp es I vp
* By IH on ez ~» ey with (b), we have i; z — vp bp €2 J v," and vy =c v
e Then, by the rule (PE-LET), we conclude i; @ -, e |} v,'.
() e; =vand e = ex{V/y}:
e We have i; @ I, e1 || clos(v).
e By Lemma D.17 with (3), we have i; z — clos(v) Fp e2 |} vp" and v, =c vy'.
e Finally, by the rule (PE-LET), we conclude i; @ F; e |} v,

Lemma D.19. Ift-e: tand e ~~" v, theni; @ Fy el vp and v = (vp).

Proof. By induction on e ~»* v. Suppose e = v. Then v, = clos(v) and (vp) = v.
Now suppose ¢ ~» e1 ~* v. By induction hypothesis on e; ~* v, we have i;@ F, e1 | v, and
v = (vp’). Then, by Lemma D.18, we have i; @ -, e |} v, and v, =c v,’, and therefore v = (vp). O
Theorem D.20. Let e be a well-typed closed explicitly-typed expression (& e : t). Then
EOkpelv < e~" (v)

Proof. Follows from Lemmas D.12 and D.19. O

D.2 Compilation of the polymorphic language into the intermediate language

In this section, we prove the adequacy of the compilation of the polymorphic language into the intermediate
language defined in Section 5.3 (extended with let-polymorphism in Section 5.4). For clarity, in this section,
we write respectively e,, vo, and & for the expressions, values, and environments for the intermediate
language.

Definition D.21 (Intermediate language).

o = clz|zs|AbTeo | eoto| o €L Pes e | let T =€ ineo
v u= c| Mhzeo, &)
Y o= o7 |comp(%,Y) | sel(w,t,X) | (&, )

In this definition, we added a new symbolic substitution of the form (&, X), which is absent from

Section 5.3. Furthermore, we use the following new evaluation rule for polymorphic let-variables:

(OE-PVARy)

5ula) = Ory-eos &)

o Fo w5 I (Meoup((80,5),5)Y €0, &)
The difference from the previous rule is that in this rule we use in the decoration (&, X) instead of .
The main reason is that ¥ in s, may contain a symbolic substitution of the form sel(y,t, o) such that
y ¢ dom(&,'). Such a symbolic substitution as sel(y, t, ¥o) may be generated if the let-variable z is used
inside A-abstraction in the body of the let-expression. However, in practice, only type-substitutions for the
type variables introduced before or in the let-binding may be applied to the polymorphic let-variable, which
are already recorded in the closure for the let-variable. Therefore, for the implementation, it is safe to ignore
such substitutions as (&, 3) without evaluating them. Still, introducing this new extra symbolic substitution
makes the intermediate language and its evaluation semantics clearer.




Definition D.22 (Compilation).

[s = e
[e]s = @
[z]s = zs
HA[f[,Ix.e]]z = Nop(S,0p) L [€]se1(a,t comp(2,01)
eiez]y = [ei]sn|ez]s
IIGO'[ > = [e]]comp(E,o'I)
[er €t?er ses]s = Jei]s €t ?[ez]s : [es]s
[letz =e1ines]s = 1letz =[ei]s in [e2]s

Definition D.23 (Membership).

cEt L p<t

def

(ASZ.€0,60) Ect <= s(eval(&,X)) <t
where the evaluation of the symbolic set of type-substitutions is inductively defined as

eval(&,01) = o1
eval(&, comp(2,Y)) = eval(&,X) o eval(&, %)
eval(6o,sel(z, ;o  ti—si, X)) = [o0j € eval(&, %) | Fiel : 65(x) €6 tioj |

eval(&, (&', %)) eval(&,Y)

Definition D.24. Let & and v, be an environment and a value for the polymorphic language and &, and vo
for the intermediate language. We define an equivalence relation =, between them as follows:
def

& =o & <= dom(&) = dom(&) and Vx € dom(&), & (x) =0 &o(z)
andVz € dom(&), &(z) =o &o(z)
()\f,Kx.e, E,on) =0 (Now.0,8) AL spoox = eval(6,, %) and e = [e]se1(w,t,5) and & =o &
Moreover, for any constant c, by definition c =, c.

Note that if v, =, vo, then (vp) = (v,), but not vice versa.

Lemma D.25. Let v, =, vo. Then:
(1) vp €p tifand onlyif v, € t.
(2) vp & tifand only if vo &, t.

Proof. If v, = v, = ¢, the proof is trivial. Suppose v, = (A5, x.€,&,0m) and v, = (A5:x.€0, &5). By
definition, vy €, ¢ if and only if s(cg 0 o) < t and v, €, t if and only if s(eval(&, %)) < ¢. From
Up =o Vo, We have o 0 o = eval(&s, ), thus completing the proof. O

Lemma D.26. Suppose & =, &, and o1 = eval(6,,%) and & (eQo)(&) : t. Then, o1;8 Fp e Y vp if
and only if & Fo [e]x | vo where v, =, vo.

Proof. (Only-if part) By induction on a derivation of o7; & tp e || vp.

(PE-CONST): e = [e]s = vp = vo = c.
(PE-VAR): e = [e]s = z and vp = &(x) and v, = & (z). From & =, &, we have vp =, vo.
(PE-CLOSURE): e = Ag, z.€’ and [€]ls = Ao (55,05 ) 2+ [€ Tse1 (2, comp(2,0 ) -
o v, = (N xe, &, 01).
® Vo = <)\Eomp(gng>m-Hel]]sel(z,t,comp(E,JK))y éao)-
¢ eval(&o, comp(X, 0k)) = eval(&,X) o eval(é,,0x) = o1 0 ok and therefore v, =, v, by
Definition D.24.
(PE—APPLY): e = eies and [[eﬂz; = H61ﬂ2[62ﬂ2.
e From o7; & b e |} vp, we have the following assumptions:
(a) or;8 Fper L (Ao me’, & om) where s = Niersi — si;
(b) or;é1Fp e2 b wy's
(¢c) oj=comooxandP={j€ J|Fiel:vy € sio;};and
(d) op; &' = vy Fp e | vp.
e By I[Hon (a), & b [e1]s I (A z.€0, &) where eval(&',5') = oy oox = oy and &' =, &'
and e, = [[e/]]sel(z,s,x/)-
e By IHon (b), & ko [e2]s | vo’ where v," =, v,'.
e From &' =, &’ and vy’ =, vo', we have (&, — v,') =o (&', T > vo').
e eval((&',x = vo'),sel(x,5,%)) = [ 0; € eval(&', X)) | i€l : vy’ €6 8505 ] =[0; € 07|
Fiel : v, Eo s;0; |, which is equal to op by Lemma D.25.
e ByIHon (d), &',z — v’ ko €0 vo and vp =6 vo.
¢ Finally, by the rule (OE-APPLY), we conclude & b, [e]s ) vo.
(PE-TYPECASET): e=¢e1 €t 7e2 : e3 and [[eﬂz = H€1ﬂ2 et [[62]]2 : [[83]]2.



e From o7; & F, e | vp, we have the following assumptions:
(@) ons&perlny’ (0) v’ €t (c) o6 Fpealny

e By IHon (), & 5 [e1]s 4 v’ and v’ =, vs'.

e By Lemma D.25 with (b), we have v,’ &, t.

e By IH on (¢), & Fo [e2]s | vo and v, =, wo.

¢ Finally, by the rule (OE-TYPE CASE T), we conclude &; t [e]s | vo.
(PE-TYPE CASE F): Similar to the case for (PE-TYPE CASE T).
(PE-INSTANCE): e = epo s and [e]s = [eo]conp(,0,)-

e From o1; & p e || vp, we have the following assumption:

(a) 0100558 Fp e vp

e eval(&,, comp(X, 07)) = eval(&,X) o eval(&,05) = or 0 0y.

e By IH on (a), & Fo [€o0]comp(s,0,) 4 Vo and v, =0 vo.

e Then, from [[e]s = [eo]conp(s,0 ). We complete the proof.
(PE-VAR,): Similar to the case for (PE-CONST).
(PE-VAR{): e = z and [e]s = zx and &(z) = (A}, y.e0, &', om).

¢ From & =, &,, we have & (z) = (AL y.e0, &) where eval(&,', YY) = o oo and & = &' and

€0 = [eo0]lse1(y,t,57)-
® Then, vp = (A5, y-€0, ", 01 0 0mr) and vo = (ALup((s,, 53y, 511 Y-€0, G0 ).
e eval(&', comp((&, ), ') = eval(&', (&%,%)) o eval(&',Y') = eval(&,%) o (og o ok) =
o1 o (om o ox) and therefore vy = vo.

(PE-LET): e = let = 1 ines and [e]x = let z = [e1]x in [e2]s=.

e From o7; & F, e |} vp, we have the following assumptions:

(a) or;EFper by’ () o1; 8,2 vy’ Fpea v

e By IHon (a), & 5 [e1]s 4 v and vp," = vs'.

e By IH on (b), &,z — v’ o [e1]s | vo and vy = vo.

¢ Finally, by the rule (OE-LET), we conclude &, 5 [e]s | vo.

(If part) By induction on a derivation of &, t [e]x {} vo. The proof is similar to the proof for the (only-if
part). O

Theorem D.27. Let e be a well-typed closed explicitly-typed expression (&4 e : t). Then
ioFpellv <= Foefs v
with (v) = (V).

Proof. Follows from Lemma D.26. O

Corollary D.28 (Adequacy of the compilation). Let e be a well-typed closed explicitly-typed expression
(For e:t). Then

Fo[eli lvo <= e~" (v)
Proof. Follows from Theorems D.20 and D.27. O

E. Syntactic sugar for type-case

In order to make type-case closer to pattern matching, it is handy to define an extension of the type-case
expression that features binding, which we write (z=e)€t ? e : e2, and that can be encoded as:

()\((S/\t)_ml)/\((S/\ﬁt)_}h)x.xet 7e1:e2)e

where s is the type of e, t1 the type of e, and 2 the type of e>. We add another twist to this construct
and define a particular (purely) syntactic sugar: x €t 7 e; : ez (notice the boldface “belongs to” symbol)
which stands for (x=x)€t 7 ey : e2. The reader may wonder what is the interest of binding a variable to
itself. Actually, the two occurrences of x in (z=x)€t denote two distinct variables: the one on the right is
recorded in the environment with some type s; this variable does not occur either in e; or ez because it is
hidden by the x on the left; this binds the occurrences of x in e; and ez but with different types, sAt in eq
and sA—t in es2. This allows the system to use different type assumptions for « in each branch, as stated by
the (algorithmic) typing rule directly derived from the encoding:

(case-var)
t; #0 = AT (z:t)Fei:si ¢ =T()At
AThazet?erter: \/ s t2 =T(x) At

t; 20



Note that z is defined in T but its type I'(x) is overridden in the premises to type the branches. We already
silently used this construction in the body of the definition of map in Section 2 which should have been
written with the boldface “belongs to” symbol:

A=y penil?nil: (f(ml),mf(mb)),

since the presence of the ;s in the second branch needs the hypothesis £ : [a]\nil (the expression ;¢ is
well-typed only if £ is a product, that is, in this case it a non-empty list). If we do not use the boldface belong
symbol, then each branch (in particular, the second one) is typed under the hypothesis ¢ : [a] and, thus,
type-check fails. In practice, any real programming language will implement just € and not € whenever the
tested expression is a variable.



