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Abstract

Any expression in combinatory logic made up of combinators
and variables can be abstracted intoa pure combinator expres-
sion applied to a sequence of variables. Because there are great
similarities between combinators and certain APL operators,
a similar result obtains in many APL dialects. However,
rewriting arbitrary APL expressions as pure functions re-
quires new operators, not provided as primitives by any
dialect. This paper defines functional completeness, gives a
construction for achieving it, proves a conjecture of Kenneth
Iverson thatJ is functionally complete, and shows how closely
the major APL dialects have approached these conditions.

Keywords: APL, combinatory logic, completeness, func-
tional programming, abstraction

Introduction

Over a period of years Kenneth Iverson has added functional
programming features to dialects of APL that he has designed
[9 13 14]. He conjectured [15] that the set defined for the J
language was sufficient to allow any expression to be rewrit-
ten as a pure function, in the manner of combinatory logic. A
constructive proof of this conjecture is given below.

In Combinatory Logic, founded by Schonfinkel [22],
Curry, and Feys [5], a very small set of primitives (Table 1)
with nearly trivial syntax, including parentheses for grouping,
is shown to be an adequate foundation for mathematics. This
set can be used to create a model of the natural numbers and
toexpress all computable functions of natuural numbers in the
sense of Church [4], Godel [6], Markov [16], Post [20], or
Turing [24], and thereby, via G&del numbering, all proofs
from a recursively defined set of axioms.
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TABLE 1

Primitive combinators

Sign Definition Name APL analog

I Ia=a identity W >

K Kab=a left QW <=0

C  Cabc=ach swap 0 fc wesw f o
B Babc=a(bc)  composition g w «»f g w
W  Wab=abb duplicate few  +w f w

The T combinator, defined by the expression T=CI or the
relation Tab=ba, has no analog in APL, since b would have
to be a function, and no operator can produce an operator.

All combinators can be written as combinations made
from just two of the combinators defined here (K and S), or
even only one combinator defined specially for the purpose.
The most common primitive combinators are listed in Table
1, with Dictionary [13] or SAX APL [21] analogues that were
described in [3] as trivial functions or operators. Each primi-
tive combinator rearranges its arguments, or selects one, but
does no other processing. Iverson has adopted two other
combinators defined by Curry as Phrasal Forms in the J
language [9]. They are displayed in Table 2 along with the
analogous dyadic forms.

Any combinator can be applied to any combinator expres-
sion, For example, K(a) is a legitimate expression for any a.
K by itself represents the Left function which returns its left
argument, and K(a) is a constant function which returns the
value of a when applied to any argument. Creating derived
functions in this manner by supplying one argument is called
currying in honor of Haskell Curry. It is analogous to the With
operator in Iverson’s recent dialects, written as ** in Diction-
ary APL [13]and as & in J [9]. For example 1”0 in Dictionary
APL is the Sine function. It is also possible to curry the right
argument, as in (CWa)b -~ Wba ~ baa or in J, Decrement
=. —&1.
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Table 2
Phrasal Form Combinators

Sign  Definition Name J Analogue

S Sfgx=fx(gx) hook (f Qyey f gy

x (fg)ywx fgy

(f g n Yy
(Fyyghy

x(f g Wy«

(zx fygaxhy

O  Pfghx=f(gx)(hx) fork

Combinators are generally considered to be too powerful
to add to APL, since they apply to arbitrary combinator
expressions, whereas APL functions apply only to array
values, and operators apply only to arrays and functions.
Nothing applies to operators or produces operators in any
APL program product, except operator definition (:: in J).
Suggestions for hyperoperators, able to apply to all lower
types and to each other, have been made and rejected for APL
many times. These combinator analogues that observe the
APL typerestrictions are less offensive but still controversial.

Definitions

We consider APL-like languages containing variables, func-
tions and operators, with type restrictions as in APL. Within
those languages, we consider the class of simple expressions
containing only functions (primitive or derived), literal data
and data variables, with no assignments and no operand
variables, and the class of pure function expressions, con-
taining literal data, functions and operators, applied to a
nested vector of arguments, where no function or operator
definition includes any reference to array variables. Such a
language will be called functionally complete if any simple
expression in the language can be rewritten as a pure func-
tional expression.

This property is related to combinatory completeness and
isattainable for APL, although nodialect has yetimplemented
the precise set of primitive operators for doing so. Functional
completeness is obviously impossible for “Classic” APL [10],
which has no compound operator expressions, but can be done
with a small set of operators added to several varieties of
nested array APL, in which derived functions produced by
operators can be operands to other operators.

The process of translating an arbitrary expression into a
function is called abstraction, and the function that results is
called the abstract of the expression. Abstracts are difficultto
read at first sight, looking quite abstract and even abstruse, but
like other expressive notations, they grow on users, and soon
seem entirely natural.
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An Example

Consider the idiom (v\S#' ')/S for removing leading
blanks from a character vector, and its translation into J as
(+./\S~: 1 1)#5 Wecan transform it step by step into an
abstract as follows:

(+./\8~:1 )45

((+./\(~:8" ")8)#5 Curry
(((+./\&(~:&" "))"1 SH#S Compose, rank
(((+./\&(~:48" 1))"1 SHY#{:5 Identity
(((+./\8&(~:8" "))"1) # {:)5 Fork

Functional Programming

The concepts of functional or applicative programming derive
from Backus’s attempt to define a programming language not
tied to von Neumann computer architectures, which process
data one word at a time. He set forth his solution in his Turing
award lecture [1]. Taking some concepts from APL, LISP and
elsewhere, he defined a language called FP (Functional Pro-
gramming), which includes operators and array functions but
no assignments. [17] is a good example of the resulting
programming style in standard APL.

Paul Hudak surveyed the field of functional programming
in [8], giving credit to APL’s contributions. Functional pro-
gramming languages, in general, offer many of the advantages
of APL notation, such as conciseness, expressive power, and
leaving many of the details of execution to the interpreter, and
some have ideas worth looking at for inclusion in APL.. In fact
Hai-Chen Tu, working with Alan Perlis, created a functional
variant of APL, described in [23]. However in many of these
languages, array bandling is de-emphasized in favor of lists
and tuples, with strong typing and other features that make
them almost, but not quite, entirely unlike APL.

Functional programming languages have a variety of im-
plementations of abstraction. Some use a special construct
like Church’s Lambda [4]. In such languages, which have the
flavor of LISP, an expression such as (SUM(X X)) can be
turned into a function in the form LAMBDA(X (SUM (X X))).
Abstracts in Lambda calculus have no free variables but in
general mention bound variables. An extension of this tech-
nique for defining recursive functions uses the paradoxical
combinator Y. The Y combinator has the property that Ye =
e(Ye) for any e, which is to say that Ye is a fixpoint of the
expression e. In those languages where Y can be defined,
Y(Af(...f...)) is a non-recursive definition of the function
defined by the expression in the innermost parentheses. Again,
the pointis that there are no free variables, andfis not the name
of the function.

This treatment of the function as argument is not possible
in ordinary APL. The capabilities of the Y combinator can be
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added to the language, as in Dictionary APL and J, as a special
feature of a definition operator. Thus,

f= ' F it L 8L

defines an anonymous ambivalent recursive function and
assigns it a name. This notation subsumes much of the
L.ambda notation by using fixed argument names (x . andy.)
so that the header (A and argument names) can be omitted, and
using nested arrays to pass multiple arguments. There are
major differences, however, APL uses call-by-value, and
Lambda calculus uses a form of call-by-name, not evaluating
arguments until they are used. In Lambda calculus there are
none of the APL type distinctions among data, functions and
operators. Iverson’s Definition operator also allows mutual
recursion between the monadic and dyadic cases, although
this is not recommended practice.

In Lambda calculus Y=Af.(Ax.f(x x))(Axf(x x)), and in
combinators it can be defined as Y=UU, where
U=BW(W(B(CB))). The derivations are:

Ye

M. flx X))(Axf(x x)) e definition
(Ax.e(x x))(Ax.e(x x)) apply
e(Ax.e(x x))(Ax.e(x x)) apply
e(Ye)

Ye

UUe
BW(W(B(CB)))Ue
W(W(B(CB))U)e
W(B(CB))Uee
B(CB)UUee
CB(UU)ee
Be(UU)e

e((UU)e)

e(Ye)

In the first derivation, the applications are carried out by
substituting the second expression for the argument variable
in the first expression, and the last line is derived from a
comparison of the two before it. In the second, after substitut-
ing the definitions of Y and U, the leftmost combinator is
applied at each step according to the rules given in Table 1
above.

We are looking at abstraction methods which remove
even the bound variables from expressions. The combinator
expression for Y is an example of such an abstract, even
though the Lambda calculus form is not.

The first great advantage of abstraction is that it does not

require the apparatus of function editing or OFX to create a
function and apply it. Using an editor to create a function is
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inconvenient or impossible under program control, and even
using the (0FX system function to translate character data into
adefined functionisimpossible inline. Itis necessary to define
the function in one place and then use its name in another. Both
of these methods of definition require a function to be named,
but do not return the function as a value, ready to apply.

A pure function expression abstracted from an ordinary
expression is already a function without the need for any
further apparatus. It can be named in J by assigning it to an
identifier, or it can be applied to its arguments unnamed.

However, an even greater advantage of function abstrac-
tion is that an abstract can be the operand of any operator.
Given the abstract of the idiom for removing leading blanks,
one can immediately remove blanks from each vector in an
array of boxed character vectors using the “Under-Open”
idiom F">, Similarly the Each operator can be used to apply
a function abstract to each of an array of enclosed character
vectors, without any need for looping.

A third benefit that exists at leastin J is that the abstract of
an expression, applied as a function, typically executes much
faster than the expression that mentions the variables explic-
itly [18]. Why this is so, and whether it must be so, should be
researched. It could be a useful transformation in an optimiz-
ing compiler if abstracts are generally faster than ordinary
expressions. For those expressions for which it is so, the
abstract should be considered the standard form for idioms in
J, since readability is not the main issue in composing and
using idioms.

J forces the use of abstracts when writing operator defini-
tions with the : : operator. Formal operands are represented
by« . andy . in operator definitions, but the arguments of the
derived functions cannot be mentioned in the definition.

Construction and Proof

The general technique for abstracting in J uses the following
combinatory features (functions, operators and phrases):

b Identity; Left

{ From indexing

& With (curry and compose)
(f g n Fork

First we need a slightly different composition operator:
c=.2:i ' (x. 8y )" !

The function x&y, where both & and y are functions, has
the rank of y, but we need a composition operator that applies

both of x and y with their individual ranks. We do this by
giving the derived function x ¢ y infinite rank,
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The next step is to pull all variables out of the expression,
and create a single nested array, which we will call x.,
containing their values in any order. Then:

Case 1. Constant result of C.
Cc&}:) x.
Case 2. Result, the Nth argument
we{) =.
Case3. F A
If A is constant
((F A)&}:) x.
If A has the abstract G
(F e G) x.
Cased4. A F B
If A and B are constants
(A F B)&}:) =z.
If A is constant and B has abstract @
((A8F) ¢ @) =x.
If A has abstract @ and B is constant
((F&B) ¢ G) x=.
If 4 and B have abstracts @ and H
(G F H) =z.

Proof. Byinduction. Cases 1 and 2 are the bases, and cases
3 and 4 take care of monadic and dyadic functions. Every APL
expression that is allowed here is a constant, variable or
function application. Any side effects of the original expres-
sion are also produced by the abstract, which applies the same
functions in the same order.

Although this construction is general, there are opportu-
nities for greater efficiency in many special cases. No use has
been made of the Hook phrase or Both operator here, but they
can simplify many expressions for abstracts, and in some
cases it is simpler to use the commute operator torearrange the
order of arguments. In the monadic anddyadic cases (that is,
where the original expression contains either one or two
distinct variables) the usual argument syntax can be used with
Left }: and Right {: standing in for the left and right
arguments, instead of indexing into a nested argument vector.

So the primitives of J come close to providing functional
completeness, and we have only to define one new operator to
achieve it. What about other APL dialects? The Leftand Right
functions and the Both operator are in the enhanced APL
standard [11], and are easy to define if they are not available.
The APL2 Pick function < is close enough to From { to use in
this construction. User-defined operators are also in the stan-
dard, and in most current APL products, along with nested
arrays, so constructing the rest of the apparatus is easy, except
for the Fork phrase. The Hook is easy, since it can be written
as a dyadic operator, but the fork combines three functions.
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It turns out that a fork can be simulated in several ways
using two user-defined operators. The trick is to use a nested
array to hold two intermediate results, so that they can be
separated when they are used. This device can simulate a
variety of three-argument operators, but by no means all.
Define (in APL2)

VRex (f O h) y
{11 +(o=0NC'x')/MONAD
[2] Re(z F y) (xz A F)
[3]1 -0
[4] MONAD:R<(f y) (h y)
v
VRex (g P t) y
(11 ~+(O0=0ONC'z')/MONAD
[2] Redg/z Tt Yy
[31 =0
(4] MONAD:R+>g/T y
v

Then we can write the fork form z (F G H) y asthe
APL2 expressionz G P(F O H) y.Thisisabit clumsy,
but not excessively so. The conclusion is that any APL witha
reasonable implementation of user-defined operators has the
tools for abstracting expressions.

Implementation Alternatives

Although writing functions with no variables has an aesthetic
appeal to some and is apparently more efficient than conven-
tional notations, it is not to everyone’s taste. There are numer-
ous possible ways to write anonymous functions on the fly,
providing syntax for some subset of the capabilities of Lambda
and Y. Lambdaitself has beenimplemented in Alan Graham’s
APLO[7]; Iverson’s : : operator covers most of Lambda and
Y; and Iverson [12]. Tu [23], and Benkard [2] have all
proposed to allow expressions containing the formal variables
o and w to act as functions, with varying syntax. Thus

210+w'3 alverson
2{a+w}3 aTu
2(0+w)3 aBenkard

have all been defined to return 5. These aw-forms allow any
expression in one or two variables to be written as an abstract
merely by substituting the variable names. With nested arrays
they are equivalent to the abstracts possible inJ. Thatis, aform
using only one or two arguments is equivalent to a form
allowing an arbitrary number of arguments if the arguments
can simply be stuffed into a single list.

Benkard also proposed a similar syntax for operator
abstracts, using & and w as the operands along with the formal
arguments. This would allow great freedom in defining anony-
mous operators without the problems presented by adding
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hyperoperators. Of the three notations given above, none is
completely satisfactory because the quotes, braces and paren-
theses are all used for other purposes in various dialects.
Perhaps a new pair of overstrikes would be appropriate.

It is easy to write Lambda expressions which evaluate
correctly, even though an argument is undefined. Using call
by value, as in APL, such an expression would be an error.
There are Lambda expressions using functions as arguments
that could not be written directly in APL., In both cases the
behavior of Lambda expressions can be simulated in APL by
passing arguments as character vectors and executing them at
the appropriate times. In the end all of these systems are highly
expyressive and complete in Church’s sense.

Iverson’s phrasal forms are quite convenient for writing
pure functions, but they have evoked opposition on the ground
that they change the syntax of APL. This opposition is similar
to Iverson’s rejection of strand notation as in APL2. Although
the fork form can be simulated, the capability for abstraction
is a strong argument for it or something equivalent and for the
other features of J that support abstraction.

Unlike the case in combinatory logic, this construction
does not extend to all expressions. In particular, there is no
way inJ or any other APL-like language to rewrite all operator
expressions without variables for the operands. This is due to
the APL type structure. We do not have functions as array
elements; operators returning data (such as an explicit way to
access the identity elements of primitive functions); or any
primitive or user-defined facility that can accept operators as
arguments and return them as values.
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